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Article 1 

Novel Hybrid Modified Modal Analysis and Continuation 2 

Power Flow Method for Unity Power Factor DER Placement 3 

Ardiaty Arief 1,* and Muhammad Bachtiar Nappu 2  4 

1 Power and Energy Systems Research Group, Department of Electrical Engineering, Faculty of Engineering, 5 

Hasanuddin University, Gowa 92171, INDONESIA 6 

2 Electricity Market and Power Systems Research Group, Department of Electrical Engineering, Faculty of 7 

Engineering, Hasanuddin University, Gowa 92171, INDONESIA 8 

* Correspondence: ardiaty@eng.unhas.ac.id; Tel.: +62 81241693305 9 

Abstract: Distributed energy resource (DER) has become an effective attempt in promoting the use 10 

of renewable energy resources for electricity generation. The core intention of this study is to expand 11 

an approach for optimally placing several DER units to attain the most stable performance of the 12 

system and the most power losses decrease. The recommended technique is established on two an-13 

alytical methods for analyzing voltage stability: the new Modified Modal Analysis (MMA) and the 14 

Continuation Power Flow (CPF) or MMA-CPF methods. The MMA evaluates voltage stability by 15 

taking into account the incremental connection relating voltage and active power that includes the 16 

eigenvalue and the related eigenvectors computed from the reduced modified Jacobian matrix. Fur-17 

thermore, an Active Participation Factor (APF) is computed from the eigenvectors of the reduced 18 

modified Jacobian matrix. The CPF method, uses a predictor-corrector stepping pattern to reach the 19 

solution track and compute the Tangent Vector Sensitivity (TVS). Both APF and TVS indicate each 20 

load bus sensitivity in the network. In addition, an objective function regarding losses decrease and 21 

eigenvalues is expressed to calculate the best bus position for DER allocation. The proposed MMA-22 

CPF technique has been assessed on a 34-bus RDN and the outcomes demonstrate the effectiveness 23 

of the proposed scheme.  24 

Keywords: continuation power flow; distributed energy resource; distributed generation; eigen-25 

value; eigenvector; modal analysis; network losses; renewable energy resources; voltage stability. 26 

 27 

1. Introduction 28 

Due to rapid technological advances also the economic and environmental benefits 29 

of a distributed energy resource (DER), DER has become a global unpolluted renewable 30 

energy source for alternative generations. Nowadays, DERs are more developed in the 31 

grid worldwide because of their advantages compare to the conventional fossil fuel power 32 

generations that drive the issue of global warming. DERs can be divided into four main 33 

categories based on their ability to supply active and reactive power, which are [1]: 34 

 Type 1 DER unit (pfDERi = 1, unity power factor): The type 1 DER can only supply 35 

active power to the system. Examples of Type 1 DER are photovoltaic (PV) [2, 3], 36 

micro-turbines (MT), and fuel cells (FC). These DERs are connected to the main net-37 

work using converters/inverters; 38 

 Type 2 DER unit (pfDERi = 0). The type 2 DER can only provide reactive power to the 39 

network. For example, static power compensators such as capacitor, static VAr com-40 

pensator (SVC), static synchronous compensator (STATCOM), etc. [4, 5]; 41 

 Type 3 DER unit (0 < pfDERi < 1 with lagging power factor). The type 3 DERs can pro-42 

vide active power and reactive power to the network. Examples of type 3 DER are a 43 

synchronous generator operated in cogeneration and gas-fired DER;  44 
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 Type 4 DER unit (0 < pfDERi < 1 with leading power factor). This type of DER provides 45 

active power to the system but attracts reactive power. An example of type 4 DER is 46 

primarily an induction generator in a wind farm, such as doubly-fed induction gen-47 

erators (DFIG)[6]. 48 

 49 

The connection of DERs into the grid has resulted in several gains. Because the DERs 50 

are located inside the local grid or at the customer's site, DERs provide electrical energy 51 

directly to the customers or the local distribution grid. DERs tend to decrease the flow of 52 

power in the transmission system, which can enhance the voltage profile in the distribu-53 

tion system. DERs assist to lessen losses in the distribution network by supplying locally 54 

to the load demand. DERs also enhance system reliability by delivering supplementary 55 

system generation capacity for power distribution networks for non-disruptive power 56 

supplies and backup power supplies, and providing temporary emergency power [7]. 57 

However, these benefits are highly dependent on the proper placement and capacity of 58 

the DERs. Proper placement of the DERs will greatly improve the system stability and 59 

reduce distribution grid losses [8]. Optimum DER allocation is one of the main challenges 60 

for DER integrations [9]. Studying the most appropriate placements of DERs was essential 61 

to take full advantage of DER's operating advantages. Power system engineers and re-62 

searchers have recommended various methodologies to determine the optimal placement 63 

of DERs. A comprehensive review on DG placement is provided by [10]. 64 

Many analytical techniques have been proposed for solving DER placement. The au-65 

thors in [11] proposed 𝑄 − 𝑃𝑄𝑉 bus pair considering load demand seasonal changes bio-66 

mass DER placement. In [12], bifurcation analysis and dynamic programming were used. 67 

The authors of [13] have established a power stability index (PSI) that determines a stable 68 

node voltage for the placement and sizing of DERs. Work in [14] defined an objective 69 

function by employing the maximum power stability index (MPSI) for finding the DER 70 

location. An integer nonlinear programming was implemented in [15] to choose sensitive 71 

nodes to increase voltage profiles. Article [16] suggested a technique for determining the 72 

optimal position of DERs considering network losses and using the Kalman filter algo-73 

rithm to compute the optimal size of DER. Nonetheless, no standard criteria for the deter-74 

mination of the optimal number of DERs. The author of [17] recommended analytical 75 

power losses equations for calculating the optimal size and position of DER to reduce 76 

network losses. Nevertheless, the big size and difficulty of the distribution system can 77 

affect how the robustness is not satisfied. From [18], a “2/3 rule” which was firstly used 78 

for capacitor placement in the distribution network was assumed to determine the posi-79 

tion of DERs. This method is very easy, but cannot be directly applied to a meshed net-80 

work. Furthermore, the capacitors supply only reactive power while the DER produces 81 

active power. Consequently, this rule cannot be used effectually to locate the DERs. The 82 

authors of [19] offered a Continuation Power Flow (CPF) based settlement of DER units 83 

and indicated the most sensitive bus to voltage breakdown. The DER units were placed 84 

on the chosen buses via the iterative algorithm and objective function. Yet, this technique 85 

does not always offer the ideal solution.  86 

Moreover, many meta-heuristic methodologies have been proposed for optimal DER 87 

placement. A sensitivity analysis and harmony search algorithm (HAS) was used to de-88 

cide the most appropriate DER place [20]. A differential evolution algorithm is proposed 89 

in [21] for DER integration. Genetic algorithm (GA) and AC-OPF were proposed by au-90 

thors in [22] for placement and size of DER. GA is a suitable technique for solving multi-91 

objective difficulties and can provide effectual solutions, but it is time-consuming in its 92 

computation. Chaotic bat algorithm (CBA) was developed in [23] for optimal locations 93 

and DERs’ sizes. A fuzzy-embedded multi-objective particle swarm optimization 94 

(FMOPSO) method was used in [24]. Nevertheless, the shortcoming of PSO is it obtains 95 

solutions to local solutions quickly or prematurely converges. Ant colony system (ACS) 96 

was occupied in [25] for DER placement. However, a few obstacles to the ACS approach 97 
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may additionally reduce its effectiveness. ACS relies upon preliminary points and neces-98 

sitates a longer computational time to discover the most efficient arrangement. Authors 99 

in [26] developed a fireworks algorithm for network reconfiguration and finding the most 100 

suitable allocation of DER in a distribution system. In [27], the authors developed DER 101 

placement based on a modified teaching-learning-based optimization (MTLBO) algo-102 

rithm. Meta-heuristics techniques are widely known utilized for optimal DER allocation, 103 

nonetheless, their severe drawbacks are the divergence possibility, they require a long 104 

period to acquire the best solution, and they cannot often warranty to obtain the best re-105 

sult, but a sensible result that is near to a perfect result. 106 

Hence, we proposed an original hybrid analytical method in this article with Modi-107 

fied Modal Analysis (MMA) and Continuation Power Flow (CPF) to resolve the DER de-108 

ployment with the objective of maximizing voltage stability and minimizing active power 109 

losses. Gao et al. [28] developed modal analysis and it has been implemented to resolve 110 

several power systems issues. This method includes the eigenvalue method and the re-111 

lated eigenvectors computed from the reduced voltage-reactive power Jacobian matrix. 112 

The reduced voltage-reactive power Jacobian matrix emphasizes the relationship between 113 

system voltage and reactive power. However, in order to meet the aim of this study, the 114 

reduced Jacobian matrix was adapted where its focus was on voltage and active power 115 

properties, rather than reactive power. This method is appropriate for DER Type 1 be-116 

cause the MMA and CPF give information about the correlation between voltage magni-117 

tude and active power at each load bus. 118 

Placement of DER units at the appropriate place will substantially lessen system 119 

losses and considerably enhance the stability of the system. Hence, the key contributions 120 

of this manuscript are: 121 

 developing a new hybrid scheme to compute the optimal DER placement. This tech-122 

nique is a hybrid approach: the Modified Modal Analysis (MMA) and Continuation 123 

Power Flow (CPF) or MMA-CPF method. This approach combines the key feature of 124 

both techniques. The MMA incorporates the eigenvalue computation and the corre-125 

lated eigenvectors of the reduced modified voltage-active power Jacobian matrix. 126 

MMA uses eigenvectors to compute the bus Active Participation Factor (APF). The 127 

APF provides an indication of the participation of a certain bus in solving the insta-128 

bility problem of the network. On the other hand, the CPF reformulates the equation 129 

of the power flow by using a prediction-correction stepping algorithm to reach the 130 

solution track and computes the Tangent Vector Sensitivity (TVS). Both APF and TVS 131 

give indications about the bus that has the biggest influence in improving the system 132 

stability directly. Thus, the load bus that has the biggest APF/TVS is chosen as the 133 

place for the DER unit; 134 

 delivering a complete evaluation of the impact of DER allocation on system losses 135 

and assessment of voltage stability, which in this case, are the smallest eigenvalues 136 

for the system, as they are a common indicator for assessing the performance of sys-137 

tem stability;  138 

 enhancing the objective functions based on the power losses as well as eigenvalues 139 

to conclude the most suitable DER site when the difference between APF and TVS 140 

happens. The formulation of this objective function provides a calculation of which 141 

bus will give the least losses and the most stable system. 142 

 143 

After determining the DER placement, this work re-evaluates the voltage stability of 144 

the system to confirm the efficiency of the proposed placement in enhancing voltage pro-145 

file, eigenvalues of the system, and reduction in power losses. The proposed technique 146 

was simulated on a 34-bus RDN to clarify the efficacy of the recommended scheme. Even 147 

though the integration of DERs into a present distribution network can offer several pay-148 

backs, this research only emphasizes the improvement of voltage stability and reduction 149 

of network losses. This work computed the network losses, voltage magnitude, and sys-150 

tem smallest eigenvalue. The developed scheme is simple, straightforward, robust, and 151 
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its time calculation is effectual because it uses a non-iterative procedure in calculating 152 

DER placement based on the APF/TVS. Further interesting outcomes are elaborated in 153 

this manuscript. 154 

2. Modified Modal Analysis 155 

The modal analysis technique was proposed by [28]. This technique has been imple-156 

mented in many areas of power systems to resolve different stability problems. This ap-157 

proach forms a reduced Jacobian matrix that provides a direct correlation between varia-158 

tions in reactive power and system voltage. The modal analysis presents proximity and 159 

mechanism. Proximity provides information about the security of the system voltage that 160 

gives details on the stability level of the system which is indicated by the eigenvalues (𝜀𝑖). 161 

The 𝜀𝑖 indicates if the system is stable or not stable at a particular operational state. The 162 

mechanism provides identification of areas likely to instability problems which is helpful 163 

to preclude system instability. The information on the instability mechanism is given by 164 

the eigenvectors. Their computation states critical voltage instability areas and signifies 165 

components that are imperative in the instability occurrence. 166 

The linearized equation of a static steady-state power system is given by, 167 

[
∆𝑃
∆𝑄

] = [

𝜕𝑃

𝜕𝜃

𝜕𝑃

𝜕𝑉
𝜕𝑄

𝜕𝜃

𝜕𝑄

𝜕𝑉

] [
∆𝜃
∆𝑉

] = 𝐽 [
∆𝜃
∆𝑉

]                                                    (1)                                                                                                         168 

Nevertheless, in the modal analysis by [28], the evaluation of voltage stability is re-169 

garding the correlation between reactive power (Q) and voltage (V). Yet, in the placement 170 

of the Type-1 DER, the assessment should emphasize the active power supplied by DERs. 171 

Therefore, in this manuscript, the initial modal analysis is adjusted to assess the stability 172 

of the system by taking into account the incremental correlation between active power (P) 173 

and voltage (V), thus reactive power (Q) is considered the same.  174 

If Q in Eq. 1 is kept constant, then the reduced modified Jacobian Matrix can be 175 

written as 176 

[
∆𝑃
0

] = [
𝐽𝑃𝜃 𝐽𝑃𝑉

𝐽𝑄𝜃 𝐽𝑄𝑉
] [

∆𝜃
∆𝑉

]                                                           (2) 177 

∆𝑃 =  [𝐽𝑃𝑉 − 𝐽𝑃𝜃 𝐽𝑄𝑉  𝐽𝑄𝜃
−1]∆𝑉 = 𝐽𝑅

∗  ∆𝑉                                               (3) 178 

∆𝑉 =  𝐽𝑅
∗ −1 ∆𝑃                                                                    (4) 179 

𝐽𝑅
∗ =  [𝐽𝑃𝑉 −  𝐽𝑃𝜃 𝐽𝑄𝑉 𝐽𝑄𝜃

−1]                                                         (5) 180 

The reduced modified Jacobian matrix is marked as 𝐽𝑅
∗  to differentiate it from the 181 

initial Jacobian matrix, which correlates directly with variations between active power and 182 

the magnitude of the bus voltage. Hence we can reformulate the eigenvalues and eigen-183 

vectors as follow: 184 

𝐽𝑅
∗ =  ℜ∗ Φ∗ Υ∗                                                                    (6)     185 

𝐽𝑅
∗ −1 =  ℜ∗ Φ∗−1 Υ∗                                                                (7)   186 

By substituting Eq. 7 into Eq. 4, the direct correlation between the incremental varia-187 

tions of active power and the system voltage can be obtained as follow: 188 

∆𝑉 =  ℜ∗ Φ∗−1 Υ∗  ∆𝑃                                                              (8)  189 

Or, 190 

∆𝑉 =  ∑
𝜁𝑖

∗ 𝜚𝑖
∗

𝜀𝑖
∗

𝑖

∆𝑃                                                                  (9) 191 

 192 

 193 
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Therefore the APF becomes:  194 

𝐴𝑃𝐹𝑘𝑖 = 𝜁𝑘𝑖
∗  𝜚𝑖𝑘

∗                                                                   (10)                                                      195 

𝐴𝑃𝐹𝑘𝑖 signifies the participation of bus i to the voltage-active power sensitivity at bus 196 

k. The bigger the 𝐴𝑃𝐹𝑘𝑖 value, the more significant bus i effect in deciding voltage-active 197 

power sensitivity at bus k [29].   198 

3. The Continuation Power Flow (CPF) 199 

The intention of the CPF scheme is to attain a different power flow results for a par-200 

ticular load variation situation. The CPF scheme concisely delivered in this manuscript is 201 

according to the method explained by [30].  202 

Initially, we define a load parameter (𝜛) as: 203 

0 ≤ 𝜛 ≤ 𝜛𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙  204 

where 𝜛 = 0 relates to the system base-load and 𝜛 = 𝜛𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙  indicates the critical 205 

load. Then 𝜛 is then included in the power equations of both active and reactive to ac-206 

quire: 207 

0 =  𝑃𝐺𝑖0(1 +  𝜛𝑘𝐺𝑖) − 𝑃𝐿𝑖0 −  𝜛 (𝑘𝐿𝑖 𝑆Δ𝑏𝑎𝑠𝑒 cos 𝜃𝑖) − 𝑃𝑇𝑖                          (11)   208 

0 =  𝑄𝐺𝑖0 − 𝑄𝐿𝑖0 −  𝜛 (𝑘𝐿𝑖 𝑆Δ𝑏𝑎𝑠𝑒 sin 𝜃𝑖) − 𝑄𝑇𝑖                                    (12)   209 

A continuance procedure is implemented at the remodeled power flow calculations, 210 

hence Eqs. 11-12 are adjusted in a simple formula: 211 

𝐹 (𝛿̅, 𝑉̅, 𝜛) = 0                                                                 (13)  212 

The continuation power flow technique exploits a prediction-correction system to at-213 

tain a result track of remodeled power flow formulas. A tangent vector is computed in the 214 

prediction phase by considering the derivation of both power flow equations sides, hence: 215 

[𝐹𝛿̅ 𝐹𝑉 𝐹𝜛] [
𝑑𝛿̅

𝑑𝑉̅
𝑑𝜛

] = 0                                                         (14) 216 

A revision is done in the prediction stage by parameterization enlargement to recog-217 

nize every result alongside the trajectory being tracked. The tangent vector specifies sen-218 

sitivity analysis to resolve the most sensitive buses in addition to the way of the solution 219 

route. A sensitive bus in CPF is the bus with a big ratio of voltage differential variation 220 

to load differential variation, which is provided by the tangent vector [31]. Hence, the 221 

formula for Tangent Vector Sensitivity (TVS) at bus j can be written as: 222 

𝑇𝑉𝑆𝑗 = |
𝑑𝑉𝑗

𝑑𝑃𝑡𝑜𝑡𝑎𝑙
| = |

𝑑𝑉𝑗

𝐶𝑑𝜛
| = max [|

𝑑𝑉1

𝐶𝑑𝜛
| , |

𝑑𝑉2

𝐶𝑑𝜛
| , … |

𝑑𝑉𝑛

𝐶𝑑𝜛
|]                      (15) 223 

4. Proposed Methodology, System Constraints, Objective Function, and Evaluation 224 

Parameters 225 

4.1 Proposed Hybrid MMA-CPF Technique 226 

The load bus that has the biggest APF/TVS value signifies the most sensitive bus in 227 

the network thus having a prevalent impact on enhancing the system stability. Hence, the 228 

DER placement position is recommended according to the bus with the largest APF/TVS 229 

value. Additionally, this work develops a new formulation for objective function based 230 

on the APF/TVS outcomes to resolve the most appropriate bus for DER placement that 231 

would result in the most stable system and the lowest system losses. The APF computa-232 

tion is provided in Eq. 10 while the TVS calculation can be obtained in Eq. 15. Figure 1 233 

provides the proposed MMA-CPF technique flowchart. 234 

235 
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Figure 1. The hybrid MMA-CPF DER allocation approach flowchart 237 
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The detailed computational process for DER allocation according to the hybrid 239 

MMA-CPF technique is described as: 240 

Step 1 Input the system data. 241 

Step 2 Execute power flow with Eq. 1 and evaluate voltage stability for the original 242 

state (no DER unit) to compute voltage profile, system losses, and eigen-243 

value 244 

Step 3 (a) Execute MMA to compute APF at each load bus to define the most influ-245 

ential bus (busj-MMA), and  246 

          (b) Execute CPF to compute TVS at each load bus to define the most sensi-247 

tive bus (busj-CPF). 248 

Step 4 Compare the outcomes of MMA and CPF. If busj-MMA ≠ busj-CPF, go to Step 5, 249 

else go to Step 7.  250 

Step 5 Compute ∆𝑃𝐿𝑜𝑠𝑠, ∆𝑄𝐿𝑜𝑠𝑠, and VSI. 251 

Step 6  Compute the OF. The bus that has the highest objective function is recom-252 

mended as the DER location. 253 

Step 7 Set up DER in the designated bus.  254 

Step 8 Execute power flow and evaluate voltage stability assessment to compute 255 

voltage profile, system losses, and eigenvalue  256 

Step 9 Assess the performance of the system as to if all the voltages are within the 257 

voltage limit constraints. 258 

Step 10 If the bus voltage magnitudes are not fulfilled, then adjust the system data 259 

to acquire a new DER place and go back to Step 3. 260 

Step 11 Once the voltage stability constraints are fulfilled, the program is termi-261 

nated.  262 

4.2 Voltage Stability Constraints  263 

The voltage threshold stability limit utilized in this study is as follows: 264 

𝑉𝑚𝑖𝑛 ≤ 𝑉𝑖 ≤ 𝑉𝑚𝑎𝑥   −→  0.95 ≤ 𝑉𝑖 ≤ 1.05 p. u 265 

4.3 The Eigenvalue Evaluation 266 

The eigenvalue is one of the popular parameters for assessing voltage stability and 267 

has been confirmed its usefulness in evaluating voltage stability. In this manuscript, the 268 

smallest system eigenvalue 𝜀𝑚𝑖𝑛 is calculated and implemented to assess the level of the 269 

system voltage stability. It is also considered a voltage stability indicator. Therefore, we 270 

can expand Eq. 6 into: 271 

𝐽𝑅
∗ = [

𝜁11 𝜁12 ⋯ 𝜁1𝑛

𝜁21 𝜁22 ⋯ 𝜁2𝑛

⋮ ⋮ ⋱ ⋮
𝜁𝑛1 𝜁𝑛2 ⋯ 𝜁𝑛𝑛

] [

𝜀1 0 ⋯ 0
0 𝜀2 ⋯ 0
⋮ ⋮ ⋱ 0
0 0 0 𝜀𝑛

] [

𝜚11 𝜚12 ⋯ 𝜚1𝑛

𝜚21 𝜚22 ⋯ 𝜚2𝑛

⋮ ⋮ ⋱ ⋮
𝜚𝑛1 𝜚𝑛2 ⋯ 𝜚𝑛𝑛

]                (16) 272 

The 𝜀𝑖 magnitude defines the bus ith modal voltage’s degree of stability. 273 

4.4 Network Power Losses 274 

The following formulations represent the total active and reactive power losses [32]: 275 

𝑃𝐿𝑜𝑠𝑠 +  𝑗𝑄𝐿𝑜𝑠𝑠 = ∑ 𝑆𝑖

𝑁

𝑖=1

= ∑ 𝑉𝑖𝐼𝑖
∗

𝑁

𝑖=1

                                                (17) 276 

𝑃𝐿𝑜𝑠𝑠 = ∑ ∑[𝛼𝑖𝑗(𝑃𝑖. 𝑃𝑗 + 𝑄𝑖 . 𝑄𝑗) + 𝛽𝑖𝑗(𝑄𝑖 . 𝑃𝑗 − 𝑃𝑖. 𝑄𝑗)]

𝑁

𝑗=1

𝑁

𝑖=1

                          (18) 277 

𝑄𝐿𝑜𝑠𝑠 = ∑ ∑[𝛾𝑖𝑗(𝑃𝑖. 𝑃𝑗 + 𝑄𝑖 . 𝑄𝑗) + 𝛿𝑖𝑗(𝑄𝑖 . 𝑃𝑗 − 𝑃𝑖. 𝑄𝑗)]

𝑁

𝑗=1

𝑁

𝑖=1

                          (19) 278 

 279 
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Where, 280 

𝛼𝑖𝑗 =
𝑅𝑖𝑗

|𝑉𝑖||𝑉𝑗|
cos(𝜃𝑖 − 𝜃𝑗),       𝛽𝑖𝑗 =

𝑅𝑖𝑗

|𝑉𝑖||𝑉𝑗|
sin(𝜃𝑖 − 𝜃𝑗) 281 

𝛾𝑖𝑗 =
𝑋𝑖𝑗

|𝑉𝑖||𝑉𝑗|
cos(𝜃𝑖 − 𝜃𝑗),       𝛿𝑖𝑗 =

𝑋𝑖𝑗

|𝑉𝑖||𝑉𝑗|
sin(𝜃𝑖 − 𝜃𝑗) 282 

 These following formulas are used to assess the DER unit placement effect on reduc-283 

tion of power losses:  284 

 %∆𝑃𝐿𝑜𝑠𝑠 =  
𝑃𝐿𝑜𝑠𝑠−𝑃𝐿𝑜𝑠𝑠

𝐷𝐺

𝑃𝐿𝑜𝑠𝑠
∗ 100%                                                    (20)                                     285 

%∆𝑄𝐿𝑜𝑠𝑠 =  
𝑄𝐿𝑜𝑠𝑠−𝑄𝐿𝑜𝑠𝑠

𝐷𝐺

𝑄𝐿𝑜𝑠𝑠
∗ 100%                                                    (21)                                                286 

 4.5 Objective Function 287 

To determine the DER unit’s placement in the distribution system, the objective func-288 

tion deliberated in this work is minimizing the network losses (maximum losses reduc-289 

tion) and maximizing the system eigenvalue (system stability). Hence, the objective func-290 

tion (OF) is formulated as follows: 291 

OF =  ∆𝑃𝐿𝑜𝑠𝑠 + ∆𝑄𝐿𝑜𝑠𝑠 + 𝑉𝑆𝐼                                                  (22)                                    292 

∆𝑃𝐿𝑜𝑠𝑠 =  
𝑃𝐿𝑜𝑠𝑠 − 𝑃𝐿𝑜𝑠𝑠

𝐷𝐺

𝑃𝐿𝑜𝑠𝑠
   ,   ∆𝑄𝐿𝑜𝑠𝑠 =  

𝑄𝐿𝑜𝑠𝑠 − 𝑄𝐿𝑜𝑠𝑠
𝐷𝐺

𝑄𝐿𝑜𝑠𝑠
   ,     𝑉𝑆𝐼 =  

ε𝑚𝑖𝑛
𝐷𝐺  − ε𝑚𝑖𝑛

ε𝑚𝑖𝑛
 293 

The bus with the largest objective function is chosen as the place for DER installment 294 

as locating the DER unit in this bus, the aim is to get the lowest losses and the highest 295 

stability index will be achieved. 296 

5. Test Results and Analysis 297 

This paper developed a novel hybrid approach to resolve the integration of DER 298 

based on objective function computed from APF and TVS. Both the APF and TVS give 299 

info about the most sensitive bus in the network or the bus that has the biggest influence 300 

on improving stability. If APF and TVS indicate different most sensitive buses, an objec-301 

tive function that measures minimum losses and maximum stability index is calculated. 302 

The bus that has the biggest objective function is chosen as the location for DER since by 303 

assigning DER in this bus, network losses can be minimum whereas the index of stability 304 

can be maximum. To assess the proposed method’s performance, tests were conducted on 305 

the 34-bus RDN. 306 

5.1 APF and TVS Computation for DER Location 307 

The outcomes APF and TVS computation at each load bus to find out the appropriate 308 

location for the 1st DER allocation are shown in Figure 2. As can be seen from Figure 2, 309 

bus 26 has the biggest APF value (0.1774) and TVS value (0.124), as indicated by the big 310 

black marks, therefore bus 26 has the biggest influence on improving stability and is con-311 

firmed as the most efficient bus for the location of DER. Nonetheless, after DER integration 312 

at bus 26, the system is not stable yet, hence a second DER is required. Regarding Figure 313 

3, bus 33 then has the biggest APF and TVS values of 0.1698 and 0.115 respectively, hence 314 

it is becoming the most sensitive bus to instability for the second computation. However 315 

since the system constraints have not been satisfied yet, the third DER is needed. The APF 316 

and TVS outcomes for the third DER can be perceived in Figure 4 where bus 11 has the 317 

biggest APF (0.1393), but bus 17 has the biggest TVS (0.113). Due to this difference, the 318 

objective function needs to be computed to resolve the most effective bus for the third 319 

DER unit. The result of the objective function calculation is shown in Figure 5 where bus 320 

11 is shown to have the highest objective function value (0.8926), hence bus 11 is chosen 321 

as the site for the third DER unit. With 3 DERs positioned at buses 26, 33, and 11, the 322 
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Figure 5. Objective function (OF) to determine the third DER location 335 

5.2 Voltage Profile Enhancement 336 

Figure 6 shows the voltage profile of the system for several scenarios. To verify the 337 

effectiveness of the developed hybrid MMA-CPF scheme, we also simulate the system 338 
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buses 5, 15, and 29. 342 

 343 

 344 

 345 

Figure 6. Voltage profile improvement with DER units placement 346 
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Figure 8. Comparison of system losses after DER units placement 399 

The outcomes of this examination from the location of DER, the system’s smallest 400 

eigenvalue, and the losses reduction with the proposed hybrid MMA-CPF approach with 401 

DER locations at buses with small and average values of APF/TVS are summarized in 402 

Table 1. Integrating the same size of DERs at buses with small and average APF/TVS val-403 

ues cannot assist to increase the voltage stability considerably and lessen the losses in sig-404 

nificant quantity. Hence, it is certainly not suggested to locate DER units at the buses with 405 

small and average APF/TVS values from the perspective of voltage stability and system 406 

losses. 407 

Table 1. Results comparison in terms of system smallest eigenvalue, and network losses reduction 408 

percentage 409 

 High values of APF/TVS 

(Recommended) 

Small values of 

APF/TVS 

Average values of 

APF/TVS 

DER Locations 26, 33 and 11 1, 2 and 12 5,15 and 29 

εmin 1.625 1.579 1.589 

%∆𝑃𝐿𝑜𝑠𝑠  42.25 4.44 7.06 

%∆𝑄𝐿𝑜𝑠𝑠  44.59 8.88 14.27 

 410 

The further interesting outcome obtained is that the operation of the system operat-411 

ing with only 1 DER integrated at bus 26 is superior to 3 DERs at small APF/TVS values 412 

buses (1, 2, 12) or average APF/TVS values (5, 15, 29), in terms of voltage profile of the 413 

system, eigenvalue assessment, and power losses reduction. The voltage profile perfor-414 

mance at the majority of the system, if DER is located at bus 26 is higher than if 3 DERs 415 

are located at small or average APF/TVS values buses as can be seen in Figure 9. Further-416 

more, Figure 10 informs the results from an eigenvalue viewpoint and displays related 417 

results. Eigenvalue or ε𝑚𝑖𝑛 for 1 DER unit located at bus 26 is greater than ε𝑚𝑖𝑛 for 3 DER 418 

units at small or average APF/TVS values buses. Similarly, the system losses if DER is 419 

positioned in bus 26 are marginally lesser than losses if 3 DERs at small or average 420 

APF/TVS values buses as can be perceived in Figure 11. 421 
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Figure 9. Comparison of voltage profile  424 
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Figure 10. System eigenvalue comparison 426 
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Figure 11. Losses comparison 428 
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according to both techniques. 434 
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Both APF and TVS indicate each load bus sensitivity in the

network. In addition, an objective function regarding losses

decrease and eigenvalues is expressed to calculate the best bus

position for DER allocation. The proposed MMA-CPF technique

has been assessed on a 34-bus RDN and the outcomes

demonstrate the effectiveness of the proposed scheme.
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Article 1 

Novel Hybrid Modified Modal Analysis and Continuation 2 

Power Flow Method for Unity Power Factor DER Placement 3 

Ardiaty Arief 1,* and Muhammad Bachtiar Nappu 2  4 

1 Power and Energy Systems Research Group, Department of Electrical Engineering, Faculty of Engineering, 5 
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Abstract: Distributed energy resource (DER) has become an effective attempt in promoting the use 10 

of renewable energy resources for electricity generation. The core intention of this study is to expand 11 

an approach for optimally placing several DER units to attain the most stable performance of the 12 

system and the most power losses decrease. The recommended technique is established on two an-13 

alytical methods for analyzing voltage stability: the new Modified Modal Analysis (MMA) and the 14 

Continuation Power Flow (CPF) or MMA-CPF methods. The MMA evaluates voltage stability by 15 

taking into account the incremental connection relating voltage and active power that includes the 16 

eigenvalue and the related eigenvectors computed from the reduced modified Jacobian matrix. Fur-17 

thermore, an Active Participation Factor (APF) is computed from the eigenvectors of the reduced 18 

modified Jacobian matrix. The CPF method, uses a predictor-corrector stepping pattern to reach the 19 

solution track and compute the Tangent Vector Sensitivity (TVS). Both APF and TVS indicate each 20 

load bus sensitivity in the network. In addition, an objective function regarding losses decrease and 21 

eigenvalues is expressed to calculate the best bus position for DER allocation. The proposed MMA-22 

CPF technique has been assessed on a 34-bus RDN and the outcomes demonstrate the effectiveness 23 

of the proposed scheme.  24 

Keywords: continuation power flow; distributed energy resource; distributed generation; eigen-25 

value; eigenvector; modal analysis; network losses; renewable energy resources; voltage stability. 26 

 27 

1. Introduction 28 

Due to rapid technological advances also the economic and environmental benefits 29 

of a distributed energy resource (DER), DER has become a global unpolluted renewable 30 

energy source for alternative generations. Nowadays, DERs are more developed in the 31 

grid worldwide because of their advantages compare to the conventional fossil fuel power 32 

generations that drive the issue of global warming. DERs can be divided into four main 33 

categories based on their ability to supply active and reactive power, which are [1]: 34 

 Type 1 DER unit (pfDERi = 1, unity power factor): The type 1 DER can only supply 35 

active power to the system. Examples of tType 1 DER are photovoltaic (PV) [2, 3], 36 

micro-turbines (MT), and fuel cells (FC). These DERs are connected to the main net-37 

work using converters/inverters; 38 

 Type 2 DER unit (pfDERi = 0). The type 2 DER can only provide reactive power to the 39 

network. For example, static power compensators such as capacitors, static VAr com-40 

pensators (SVC), static synchronous compensators (STATCOM), etc. [4, 5]; 41 

 Type 3 DER unit (0 < pfDERi < 1 with lagging power factor). The type 3 DERs can pro-42 

vide active power and reactive power to the network. Examples of type 3 DER are a 43 

synchronous generator operated in cogeneration and gas-fired DER;  44 
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 Type 4 DER unit (0 < pfDERi < 1 with leading power factor). This type of DER provides 45 

active power to the system but attracts reactive power. An example of type 4 DER is 46 

primarily an induction generator in a wind farm, such as doubly-fed induction gen-47 

erators (DFIG) [6]. 48 

 49 

The connection of DERs into the grid has resulted in several gains. Because the DERs 50 

are located inside the local grid or at the customer's site, DERs provide electrical energy 51 

directly to the customers or the local distribution grid. DERs tend to decrease the flow of 52 

power in the transmission system, which can enhance the voltage profile in the distribu-53 

tion system. DERs assist to lessen losses in the distribution network by supplying locally 54 

to the load demand. DERs also enhance system reliability by delivering supplementary 55 

system generation capacity for power distribution networks for non-disruptive power 56 

supplies and backup power supplies, and providing temporary emergency power [7]. 57 

However, these benefits are highly dependent on the proper placement and capacity of 58 

the DERs. Proper placement of the DERs will greatly improve the system stability and 59 

reduce distribution grid losses [8]. Optimum DER allocation is one of the main challenges 60 

for DER integrations [9]. Studying the most appropriate placements of DERs was essential 61 

to take full advantage of DER's operating advantages. Power system engineers and re-62 

searchers have recommended various methodologies to determine the optimal placement 63 

of DERs. A comprehensive review ofn DG placement is provided by [10]. 64 

Many analytical techniques have been proposed for solving DER placement. The au-65 

thors in [11] proposed 𝑄 − 𝑃𝑄𝑉 bus pair considering load demand seasonal changes bio-66 

mass DER placement. In [12], bifurcation analysis and dynamic programming were used. 67 

The authors of [13] have established a power stability index (PSI) that determines a stable 68 

node voltage for the placement and sizing of DERs. Work in [14] defined an objective 69 

function by employing the maximum power stability index (MPSI) for finding the DER 70 

location. An integer nonlinear programming was implemented in [15] to choose sensitive 71 

nodes to increase voltage profiles. Article [16] suggested a technique for determining the 72 

optimal position of DERs considering network losses and using the Kalman filter algo-73 

rithm to compute the optimal size of DER. Nonetheless, no standard criteria for the deter-74 

mination of the optimal number of DERs. The author of [17] recommended analytical 75 

power losses equations for calculating the optimal size and position of DER to reduce 76 

network losses. Nevertheless, the big size and difficulty of the distribution system can 77 

affect how the robustness is not satisfied. From [18], a “2/3 rule” which was firstly used 78 

for capacitor placement in the distribution network was assumed to determine the posi-79 

tion of DERs. This method is very easy, but cannot be directly applied to a meshed net-80 

work. Furthermore, the capacitors supply only reactive power while the DER produces 81 

active power. Consequently, this rule cannot be used effectually to locate the DERs. The 82 

authors of [19] offered a Continuation Power Flow (CPF) based settlement of DER units 83 

and indicated the most sensitive bus to voltage breakdown. The DER units were placed 84 

on the chosen buses via the iterative algorithm and objective function. Yet, this technique 85 

does not always offer the ideal solution.  86 

Moreover, many meta-heuristic methodologies have been proposed for optimal DER 87 

placement. A sensitivity analysis and harmony search algorithm (HAS) was used to de-88 

cide the most appropriate DER place [20]. A differential evolution algorithm is proposed 89 

in [21] for DER integration. Genetic algorithm (GA) and AC-OPF were proposed by au-90 

thors in [22] for the placement and size of DER. GA is a suitable technique for solving 91 

multi-objective difficulties and can provide effectual solutions, but it is time-consuming 92 

in its computation. A cChaotic bat algorithm (CBA) was developed in [23] for optimal 93 

locations and DERs’ sizes. A fuzzy-embedded multi-objective particle swarm optimiza-94 

tion (FMOPSO) method was used in [24]. Nevertheless, the shortcoming of PSO is it ob-95 

tains solutions to local solutions quickly or prematurely converges. Ant colony system 96 

(ACS) was occupied in [25] for DER placement. However, a few obstacles to the ACS ap-97 

proach may additionally reduce its effectiveness. ACS relies upon preliminary points and 98 
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necessitates a longer computational time to discover the most efficient arrangement. Au-99 

thors in [26] developed a fireworks algorithm for network reconfiguration and finding the 100 

most suitable allocation of DER in a distribution system. In [27], the authors developed 101 

DER placement based on a modified teaching-learning-based optimization (MTLBO) al-102 

gorithm. Meta-heuristics techniques are widely known and utilized for optimal DER allo-103 

cation, nonetheless, their severe drawbacks are the divergence possibility, they require a 104 

long period to acquire the best solution, and they cannot often warranty to obtain the best 105 

result, but a sensible result that is near to a perfect result. 106 

Hence, we proposed an original hybrid analytical method in this article with Modi-107 

fied Modal Analysis (MMA) and Continuation Power Flow (CPF) to resolve the DER de-108 

ployment with the objective of maximizing voltage stability and minimizing active power 109 

losses. Gao et al. [28] developed a modal analysis and it has been implemented to resolve 110 

several power systems issues. This method includes the eigenvalue method and the re-111 

lated eigenvectors computed from the reduced voltage-reactive power Jacobian matrix. 112 

The reduced voltage-reactive power Jacobian matrix emphasizes the relationship between 113 

system voltage and reactive power. However, in order to meet the aim of this study, the 114 

reduced Jacobian matrix was adapted where its focus was on voltage and active power 115 

properties, rather than reactive power. This method is appropriate for DER Type 1 be-116 

cause the MMA and CPF give information about the correlation between voltage magni-117 

tude and active power at each load bus. 118 

Placement of DER units at the appropriate place will substantially lessen system 119 

losses and considerably enhance the stability of the system. Hence, the key contributions 120 

of this manuscript are: 121 

 developing a new hybrid scheme to compute the optimal DER placement. This tech-122 

nique is a hybrid approach: the Modified Modal Analysis (MMA) and Continuation 123 

Power Flow (CPF) or MMA-CPF method. This approach combines the key feature of 124 

both techniques. The MMA incorporates the eigenvalue computation and the corre-125 

lated eigenvectors of the reduced modified voltage-active power Jacobian matrix. 126 

MMA uses eigenvectors to compute the bus Active Participation Factor (APF). The 127 

APF provides an indication of the participation of a certain bus in solving the insta-128 

bility problem of the network. On the other hand, the CPF reformulates the equation 129 

of the power flow by using a prediction-correction stepping algorithm to reach the 130 

solution track and computes the Tangent Vector Sensitivity (TVS). Both APF and TVS 131 

give indications about the bus that has the biggest influence in improving the system 132 

stability directly. Thus, the load bus that has the biggest APF/TVS is chosen as the 133 

place for the DER unit; 134 

 delivering a complete evaluation of the impact of DER allocation on system losses 135 

and assessment of voltage stability, which in this case, are the smallest eigenvalues 136 

for the system, as they are a common indicator for assessing the performance of sys-137 

tem stability;  138 

 enhancing the objective functions based on the power losses as well as eigenvalues 139 

to conclude the most suitable DER site when the difference between APF and TVS 140 

happens. The formulation of this objective function provides a calculation of which 141 

bus will give the least losses and the most stable system. 142 

 143 

After determining the DER placement, this work re-evaluates the voltage stability of 144 

the system to confirm the efficiency of the proposed placement in enhancing the voltage 145 

profile, eigenvalues of the system, and reduction in power losses. The proposed technique 146 

was simulated on a 34-bus RDN to clarify the efficacy of the recommended scheme. Even 147 

though the integration of DERs into a present distribution network can offer several pay-148 

backs, this research only emphasizes the improvement of voltage stability and reduction 149 

of network losses. This work computed the network losses, voltage magnitude, and sys-150 

tem’s smallest eigenvalue. The developed scheme is simple, straightforward, robust, and 151 

its time calculation is effectual because it uses a non-iterative procedure in calculating 152 
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DER placement based on the APF/TVS. Further interesting outcomes are elaborated in 153 

this manuscript. 154 

2. Modified Modal Analysis 155 

The modal analysis technique was proposed by [28]. This technique has been imple-156 

mented in many areas of power systems to resolve different stability problems. This ap-157 

proach forms a reduced Jacobian matrix that provides a direct correlation between varia-158 

tions in reactive power and system voltage. The modal analysis presents proximity and 159 

mechanism. Proximity provides information about the security of the system voltage that 160 

gives details on the stability level of the system which is indicated by the eigenvalues (𝜀𝑖 ). 161 

The 𝜀𝑖 indicates if the system is stable or not stable at a particular operational state. The 162 

mechanism provides identification of areas likely to instability problems which is helpful 163 

to preclude system instability. The information on the instability mechanism is given by 164 

the eigenvectors. Their computation states critical voltage instability areas and signifies 165 

components that are imperative in the instability occurrence. 166 

The linearized equation of a static steady-state power system is given by, 167 

[
∆𝑃
∆𝑄

] = [

𝜕𝑃

𝜕𝜃

𝜕𝑃

𝜕𝑉
𝜕𝑄

𝜕𝜃

𝜕𝑄

𝜕𝑉

] [
∆𝜃
∆𝑉

] = 𝐽 [
∆𝜃
∆𝑉

]                                                    (1)                                                                                                         168 

Nevertheless, in the modal analysis by [28], the evaluation of voltage stability is re-169 

garding the correlation between reactive power (Q) and voltage (V). Yet, in the placement 170 

of the Type-1 DER, the assessment should emphasize the active power supplied by DERs. 171 

Therefore, in this manuscript, the initial modal analysis is adjusted to assess the stability 172 

of the system by taking into account the incremental correlation between active power (P) 173 

and voltage (V), thus reactive power (Q) is considered the same.  174 

If Q in Eq. 1 is kept constant, then the reduced modified Jacobian Matrix can be 175 

written as 176 

[
∆𝑃
0

] = [
𝐽𝑃𝜃 𝐽𝑃𝑉

𝐽𝑄𝜃 𝐽𝑄𝑉
] [

∆𝜃
∆𝑉

]                                                           (2) 177 

∆𝑃 =  [𝐽𝑃𝑉 − 𝐽𝑃𝜃  𝐽𝑄𝑉  𝐽𝑄𝜃
−1]∆𝑉 = 𝐽𝑅

∗  ∆𝑉                                               (3) 178 

∆𝑉 =  𝐽𝑅
∗ −1 ∆𝑃                                                                    (4) 179 

𝐽𝑅
∗ =  [𝐽𝑃𝑉 − 𝐽𝑃𝜃  𝐽𝑄𝑉 𝐽𝑄𝜃

−1]                                                         (5) 180 

The reduced modified Jacobian matrix is marked as 𝐽𝑅
∗  to differentiate it from the 181 

initial Jacobian matrix, which correlates directly with variations between active power and 182 

the magnitude of the bus voltage. Hence we can reformulate the eigenvalues and eigen-183 

vectors as follow: 184 

𝐽𝑅
∗ =  ℜ∗ Φ∗ Υ∗                                                                    (6)     185 

𝐽𝑅
∗ −1

=  ℜ∗ Φ∗−1 Υ∗                                                                (7)   186 

By substituting Eq. 7 into Eq. 4, the direct correlation between the incremental varia-187 

tions of active power and the system voltage can be obtained as follow: 188 

∆𝑉 =  ℜ∗ Φ∗−1 Υ∗  ∆𝑃                                                              (8)  189 

Or, 190 

∆𝑉 =  ∑
𝜁𝑖

∗ 𝜚𝑖
∗

𝜀𝑖
∗

𝑖

∆𝑃                                                                  (9) 191 

 192 

 193 

Therefore the APF becomes:  194 
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𝐴𝑃𝐹𝑘𝑖 = 𝜁𝑘𝑖
∗  𝜚𝑖𝑘

∗                                                                   (10)                                                      195 

𝐴𝑃𝐹𝑘𝑖 signifies the participation of bus i to the voltage-active power sensitivity at bus 196 

k. The bigger the 𝐴𝑃𝐹𝑘𝑖 value, the more significant bus i effect in deciding voltage-active 197 

power sensitivity at bus k [29].   198 

3. The Continuation Power Flow (CPF) 199 

The intention of the CPF scheme is to attain a different power flow results for a par-200 

ticular load variation situation. The CPF scheme concisely delivered in this manuscript is 201 

according to the method explained by [30].  202 

Initially, we define a load parameter (𝜛) as: 203 

0 ≤ 𝜛 ≤ 𝜛𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 204 

where 𝜛 = 0 relates to the system base -load and 𝜛 = 𝜛𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 indicates the critical 205 

load. Then 𝜛 is then included in the power equations of both active and reactive to ac-206 

quire: 207 

0 =  𝑃𝐺𝑖0(1 +  𝜛𝑘𝐺𝑖) − 𝑃𝐿𝑖0 −  𝜛 (𝑘𝐿𝑖  𝑆Δ𝑏𝑎𝑠𝑒 cos 𝜃𝑖) − 𝑃𝑇𝑖                          (11)   208 

0 =  𝑄𝐺𝑖0 − 𝑄𝐿𝑖0 −  𝜛 (𝑘𝐿𝑖 𝑆Δ𝑏𝑎𝑠𝑒 sin 𝜃𝑖) − 𝑄𝑇𝑖                                     (12)   209 

A continuance procedure is implemented at the remodeled power flow calculations, 210 

hence Eqs. 11-12 are adjusted in a simple formula: 211 

𝐹 (𝛿̅, 𝑉̅, 𝜛) = 0                                                                 (13)  212 

The continuation power flow technique exploits a prediction-correction system to at-213 

tain a result track of remodeled power flow formulas. A tangent vector is computed in the 214 

prediction phase by considering the derivation of both power flow equations sides, hence: 215 

[𝐹𝛿̅ 𝐹𝑉 𝐹𝜛] [
𝑑𝛿̅

𝑑𝑉̅
𝑑𝜛

] = 0                                                         (14) 216 

A revision is done in the prediction stage by parameterization enlargement to recog-217 

nize every result alongside the trajectory being tracked. The tangent vector specifies sen-218 

sitivity analysis to resolve the most sensitive buses in addition to the way of the solution 219 

route. A sensitive bus in CPF is athe bus with a big ratio of voltage differential variation 220 

to load differential variation, which is provided by the tangent vector [31]. Hence, the 221 

formula for Tangent Vector Sensitivity (TVS) at bus j can be written as: 222 

𝑇𝑉𝑆𝑗 = |
𝑑𝑉𝑗

𝑑𝑃𝑡𝑜𝑡𝑎𝑙

| = |
𝑑𝑉𝑗

𝐶𝑑𝜛
| = max [|

𝑑𝑉1

𝐶𝑑𝜛
| , |

𝑑𝑉2

𝐶𝑑𝜛
| , … |

𝑑𝑉𝑛

𝐶𝑑𝜛
|]                      (15) 223 

4. Proposed Methodology, System Constraints, Objective Function, and Evaluation 224 

Parameters 225 

4.1 Proposed Hybrid MMA-CPF Technique 226 

The load bus that has the biggest APF/TVS value signifies the most sensitive bus in 227 

the network thus having a prevalent impact on enhancing the system stability. Hence, the 228 

DER placement position is recommended according to the bus with the largest APF/TVS 229 

value. Additionally, this work develops a new formulation for objective function based 230 

on the APF/TVS outcomes to resolve the most appropriate bus for DER placement that 231 

would result in the most stable system and the lowest system losses. The APF computa-232 

tion is provided in Eq. 10 while the TVS calculation can be obtained in Eq. 15. Figure 1 233 

provides the proposed MMA-CPF technique flowchart. 234 

 235 

 236 

237 
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Figure 1. The hybrid MMA-CPF DER allocation approach flowchart 239 

  240 
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The detailed computational process for DER allocation according to the hybrid 241 

MMA-CPF technique is described as: 242 

Step 1 Input the system data. 243 

Step 2 Execute power flow with Eq. 1 and evaluate voltage stability for the original 244 

state (no DER unit) to compute voltage profile, system losses, and eigen-245 

value 246 

Step 3 (a) Execute MMA to compute APF at each load bus to define the most influ-247 

ential bus (busj-MMA), and  248 

          (b) Execute CPF to compute TVS at each load bus to define the most sensi-249 

tive bus (busj-CPF). 250 

Step 4 Compare the outcomes of MMA and CPF. If busj-MMA ≠ busj-CPF, go to Step 5, 251 

else go to Step 7.  252 

Step 5 Compute ∆𝑃𝐿𝑜𝑠𝑠, ∆𝑄𝐿𝑜𝑠𝑠, and VSI. 253 

Step 6  Compute the OF. The bus that has the highest objective function is recom-254 

mended as the DER location. 255 

Step 7 Set up DER in the designated bus.  256 

Step 8 Execute power flow and evaluate voltage stability assessment to compute 257 

voltage profile, system losses, and eigenvalue  258 

Step 9 Assess the performance of the system as to if all the voltages are within the 259 

voltage limit constraints. 260 

Step 10 If the bus voltage magnitudes are not fulfilled, then adjust the system data 261 

to acquire a new DER place and go back to Step 3. 262 

Step 11 Once the voltage stability constraints are fulfilled, the program is termi-263 

nated.  264 

4.2 Voltage Stability Constraints  265 

The voltage threshold stability limit utilized in this study is as follows: 266 

𝑉𝑚𝑖𝑛 ≤ 𝑉𝑖 ≤ 𝑉𝑚𝑎𝑥  −→  0.95 ≤ 𝑉𝑖 ≤ 1.05 p. u 267 

4.3 The Eigenvalue Evaluation 268 

The eigenvalue is one of the popular parameters for assessing voltage stability and 269 

has been confirmed its usefulness in evaluating voltage stability. In this manuscript, the 270 

smallest system eigenvalue 𝜀𝑚𝑖𝑛 is calculated and implemented to assess the level of the 271 

system voltage stability. It is also considered a voltage stability indicator. Therefore, we 272 

can expand Eq. 6 into: 273 

𝐽𝑅
∗ = [

𝜁11 𝜁12 ⋯ 𝜁1𝑛

𝜁21 𝜁22 ⋯ 𝜁2𝑛

⋮ ⋮ ⋱ ⋮
𝜁𝑛1 𝜁𝑛2 ⋯ 𝜁𝑛𝑛

] [

𝜀1 0 ⋯ 0
0 𝜀2 ⋯ 0
⋮ ⋮ ⋱ 0
0 0 0 𝜀𝑛

] [

𝜚11 𝜚12 ⋯ 𝜚1𝑛

𝜚21 𝜚22 ⋯ 𝜚2𝑛

⋮ ⋮ ⋱ ⋮
𝜚𝑛1 𝜚𝑛2 ⋯ 𝜚𝑛𝑛

]                (16) 274 

The 𝜀𝑖 magnitude defines the bus ith modal voltage’s degree of stability. 275 

4.4 Network Power Losses 276 

The following formulations represent the total active and reactive power losses [32]: 277 

𝑃𝐿𝑜𝑠𝑠 +  𝑗𝑄𝐿𝑜𝑠𝑠 = ∑ 𝑆𝑖

𝑁

𝑖=1

= ∑ 𝑉𝑖𝐼𝑖
∗

𝑁

𝑖=1

                                                (17) 278 

𝑃𝐿𝑜𝑠𝑠 = ∑ ∑[𝛼𝑖𝑗(𝑃𝑖 . 𝑃𝑗 + 𝑄𝑖 . 𝑄𝑗) + 𝛽𝑖𝑗(𝑄𝑖 . 𝑃𝑗 − 𝑃𝑖 . 𝑄𝑗)]

𝑁

𝑗=1

𝑁

𝑖=1

                          (18) 279 

𝑄𝐿𝑜𝑠𝑠 = ∑ ∑[𝛾𝑖𝑗(𝑃𝑖. 𝑃𝑗 + 𝑄𝑖 . 𝑄𝑗) + 𝛿𝑖𝑗(𝑄𝑖 . 𝑃𝑗 − 𝑃𝑖 . 𝑄𝑗)]

𝑁

𝑗=1

𝑁

𝑖=1

                          (19) 280 

 281 
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Where, 282 

𝛼𝑖𝑗 =
𝑅𝑖𝑗

|𝑉𝑖||𝑉𝑗|
cos(𝜃𝑖 − 𝜃𝑗),       𝛽𝑖𝑗 =

𝑅𝑖𝑗

|𝑉𝑖||𝑉𝑗|
sin(𝜃𝑖 − 𝜃𝑗) 283 

𝛾𝑖𝑗 =
𝑋𝑖𝑗

|𝑉𝑖||𝑉𝑗|
cos(𝜃𝑖 − 𝜃𝑗),       𝛿𝑖𝑗 =

𝑋𝑖𝑗

|𝑉𝑖||𝑉𝑗|
sin(𝜃𝑖 − 𝜃𝑗) 284 

 These following formulas are used to assess the DER unit placement effect on the 285 

reduction of power losses:  286 

 %∆𝑃𝐿𝑜𝑠𝑠 =  
𝑃𝐿𝑜𝑠𝑠−𝑃𝐿𝑜𝑠𝑠

𝐷𝐺

𝑃𝐿𝑜𝑠𝑠
∗ 100%                                                    (20)                                     287 

%∆𝑄𝐿𝑜𝑠𝑠 =  
𝑄𝐿𝑜𝑠𝑠−𝑄𝐿𝑜𝑠𝑠

𝐷𝐺

𝑄𝐿𝑜𝑠𝑠
∗ 100%                                                    (21)                                                288 

 4.5 Objective Function 289 

To determine the DER unit’s placement in the distribution system, the objective func-290 

tion deliberated in this work is minimizing the network losses (maximum losses reduc-291 

tion) and maximizing the system eigenvalue (system stability). Hence, the objective func-292 

tion (OF) is formulated as follows: 293 

OF =  ∆𝑃𝐿𝑜𝑠𝑠 + ∆𝑄𝐿𝑜𝑠𝑠 + 𝑉𝑆𝐼                                                  (22)                                    294 

∆𝑃𝐿𝑜𝑠𝑠 =  
𝑃𝐿𝑜𝑠𝑠 − 𝑃𝐿𝑜𝑠𝑠

𝐷𝐺

𝑃𝐿𝑜𝑠𝑠
   ,   ∆𝑄𝐿𝑜𝑠𝑠 =  

𝑄𝐿𝑜𝑠𝑠 − 𝑄𝐿𝑜𝑠𝑠
𝐷𝐺

𝑄𝐿𝑜𝑠𝑠
   ,     𝑉𝑆𝐼 =  

ε𝑚𝑖𝑛
𝐷𝐺  − ε𝑚𝑖𝑛

ε𝑚𝑖𝑛
 295 

The bus with the largest objective function is chosen as the place for DER installment 296 

as locating the DER unit in this bus, the aim is to get the lowest losses and the highest 297 

stability index will be achieved. 298 

In summary, the first step in determining the DER location is to calculate the APF 299 

and TVS values. In general, both tend to show the same results. However, if there is a 300 

difference, the value of the objective function (OF) as in Eq. 22 will be calculated, which 301 

in this OF calculation is to compute the summation of the ratio of changes in active power, 302 

changes in reactive power and changes in eigenvalue as an index of voltage stability of 303 

the electric power system. Hence from this OF calculation, it can be seen which bus has 304 

the greater influence on both the reduction of active power and reactive power. This pro-305 

cess will be repeated until the voltage stability limits at all buses have been met as written 306 

in Section 4.2. 307 

 308 

5. Test Results and Analysis 309 

This paper developed a novel hybrid approach to resolve the integration of DER 310 

based on objective function computed from APF and TVS. Both the APF and TVS give 311 

info about the most sensitive bus in the network or the bus that has the biggest influence 312 

on improving stability. If APF and TVS indicate different most sensitive buses, an objec-313 

tive function that measures minimum losses and maximum stability index is calculated. 314 

The bus that has the biggest objective function is chosen as the location for DER since by 315 

assigning DER in this bus, network losses can be minimum whereas the index of stability 316 

can be maximum. To assess the proposed method’s performance, tests were conducted on 317 

the 34-bus RDN as can be seen in Figure 2. 318 
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 319 

Figure 2. IEEE 34-bus distribution network test system [19]  320 

5.1 APF and TVS Computation for DER Location 321 

The outcomes APF and TVS computation at each load bus to find out the appropriate 322 

location for the 1st DER allocation are shown in Figure 23. As can be seen from Figure 23, 323 

bus 26 has the biggest APF value (0.1774) and TVS value (0.124), as indicated by the big 324 

black marks, therefore bus 26 has the biggest influence on improving stability and is con-325 

firmed as the most efficient bus for the location of DER. Nonetheless, after DER integration 326 

at bus 26, the system is not stable yet, hence a second DER is required. Regarding Figure 327 

34, bus 33 then has the biggest APF and TVS values of 0.1698 and 0.115 respectively, hence 328 

it is becoming the most sensitive bus to instability for the second computation. However 329 

since the system constraints have not been satisfied yet, the third DER is needed. The APF 330 

and TVS outcomes for the third DER can be perceived in Figure 4 5 where bus 11 has the 331 

biggest APF (0.1393), but bus 17 has the biggest TVS (0.113). Due to this difference, the 332 

objective function (OF) needs to be computed to resolve the most effective bus for the third 333 

DER unit. The result of the objective function calculation is shown in Figure 5 6 where bus 334 

11 is shown to have the highest objective function value (0.8926), hence bus 11 is chosen 335 

as the site for the third DER unit. With 3 DERs positioned at buses 26, 33, and 11, the 336 

voltages at all buses system have recovered above the stability constraints (0.95 ≤ 𝑉𝑖 ≤337 

1.05 p. u) thus the procedure is completed.  338 

Therefore for the first and second iterations, APF and TVS indicate the same bus for 339 

the best DER location, hence OF is not calculated. Nevertheless, in the third iteration, be-340 

cause the highest APF and TVS values were on different buses, OF is calculated to deter-341 

mine the DER location. Table 1 provides a summary of the results of the highest APF, TVS, 342 

and OF calculations to determine the DER location. 343 
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Figure 32. The APF and TVS for determining first the DER location 346 

 347 

 348 

Figure 43. The APF and TVS for determining the second DER location 349 

 350 

 351 

 352 

Figure 54. The APF and TVS for determining the third DER location 353 
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 354 

Figure 65. Objective function (OF) to determine the third DER location 355 

Table 1. Summary of the results of the highest APF, TVS, and OF calculations to determine the DER 356 

location 357 

Iteration Highest APF  Highest TVS  Highest OF  DER location 

1 26 26 - 26 

2 33 33 - 33 

3 11 17 11 11 

 358 

 359 

5.2 Voltage Profile Enhancement 360 

Based on the results of APF, TVS, and OF calculations (Table 1), the DER locations 361 

proposed by the results of the proposed method are buses 26, 33, and 11. Figure 6 7 shows 362 

the voltage profile of the system for several scenarios. To verify the effectiveness of the 363 

developed hybrid MMA-CPF scheme, we also simulate the system stability if 3 DER units 364 

are placed at the least sensitive buses that have small APF and TVS. By seeing Figures 23-365 

45, buses 1, 2, and 12 have small APF/TVS. We also evaluate the system performance if 366 

the DERs are placed at average APF/TVS values buses, for example at buses 5, 15, and 29. 367 

 368 

 369 

 370 

Figure 76. Voltage profile improvement with DER units placement 371 
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 372 

The line in blue color shows the system voltage profile of all buses at the original 373 

state before DER integration. It obviously indicates that voltages at the majority of the 374 

system are beneath the stability constraint (black line). The system voltage magnitude in-375 

creases after one DER is integrated at bus 26 (red line). After the second DER is connected 376 

at bus 33, the system voltage profile improves again (green line). Then the system voltage 377 

profile with 3 DERs connected at buses 26, 33, and 11 is shown by the dark purple graph. 378 

These 3 locations are the placements according to the proposed hybrid MMA-CPF ap-379 

proach. 380 

Different scenarios are evaluated in this manuscript. This work also investigates the 381 

system voltage profile if 3 DERs are integrated at buses with low APF/TVS values (1, 2, 382 

and 12) and buses with average APF/TVS values (5, 15, and 29) as assigned with the light 383 

blue and orange lines, respectively. Apparently, the voltage profile of the system does not 384 

increase substantially in both conditions. Interestingly, the system voltage with only one 385 

DER integrated at the most appropriate bus or high APF/TVS value bus (26) is better. 386 

Nevertheless, for a more comprehensive stability assessment of the system, the following 387 

section delivers an evaluation of the system’s performance by using the eigenvalue com-388 

putation analysis. 389 

5.3 The System Smallest Eigenvalue (𝜺𝒎𝒊𝒏) 390 

The eigenvalue assessment is one of the most powerful techniques for assessing the 391 

power system stability. The smallest eigenvalue (𝜀𝑚𝑖𝑛) informs the proximity of the system 392 

stability which is the voltage stability level indication. 393 

Figure 7 in Section 5.2 shows the system voltage profile for DER placement for vari-394 

ous scenarios while Figure 8 illustrates the smallest system eigenvalue for various scenar-395 

ios whose voltage profiles are shown in Figure 7. There is a close relationship between the 396 

voltage profile and the smallest eigenvalue. The higher the smallest eigenvalue indicates 397 

the better voltage profile or system voltage stability. It can be seen from Figures 7 and 8, 398 

the better the system voltage profile, the higher the eigenvalue.   399 

Figure 7 illustrates the system smallest eigenvalue for different scenarios. At the orig-400 

inal state, no DER, the 𝜀𝑚𝑖𝑛  is 1.572. If one DER is connected at bus 26, the 𝜀𝑚𝑖𝑛 increases 401 

to 1.598 and then to 1.607 after the addition of another DER placement at bus 33. Then 402 

with the third DER positioned at bus 11, the final 𝜀𝑚𝑖𝑛  for 3 DER units becomes 1.625. 403 

However, if 3 DERs with the same capacity are sited at the least sensitive buses or buses 404 

with small APF/TVS values (buses 1, 2, 12), the 𝜀𝑚𝑖𝑛 is just 1.579. This 𝜀𝑚𝑖𝑛  value is even 405 

below the 𝜀𝑚𝑖𝑛 for a single DER at bus 26 (1.598). Similar outcomes apply to the average 406 

APF/TVS values buses (5, 15, 29); the 𝜀𝑚𝑖𝑛  is only 1.589 and also below the 𝜀𝑚𝑖𝑛  for a DER 407 

at bus 26. Even though with simply a single DER at the proper location, in this case, bus 408 

26 with a size of 50 MW, it provides a more stable system compare to 3 DERs total of 150 409 

MW at buses with small and average APF/TVS values. Briefly, a single DER at the appro-410 

priate bus can ensue in an improved system voltage and greater eigenvalue 𝜀𝑚𝑖𝑛, there-411 

fore the system is in a better and more stable state.  412 

 413 
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Figure 87. The system’s smallest eigenvalue comparison 415 

 416 

5.4 Network Power Losses 417 

The network power losses both active and reactive were calculated for each state and 418 

are presented in Figure 89. If the first DER is placed at bus 26, the network losses are 419 

(0.391+j0.095) p.u. Then if another DER is placed at bus 33, the losses decrease to 420 

(0.187+j0.046) p.u. With another DER at bus 11, the losses further reduce to (0.074+j0.016) 421 

p.u, hence the percentage of losses reduction are %∆𝑃𝐿𝑜𝑠𝑠 is 42.25% and %∆𝑄𝐿𝑜𝑠𝑠 is 422 

44.59%. If 3 DERs are located at the least sensitive buses, buses with low APF/TVS values, 423 

buses 1, 2, and 12, the power losses are relatively significant, even bigger than the system 424 

losses for one DER at bus 26. The losses only reduce to (0.434+j0.125) p.u. with %∆𝑃𝐿𝑜𝑠𝑠  425 

4.44% and %∆𝑄𝐿𝑜𝑠𝑠  8.88%. Likewise, when 3 DER units are sited at buses with average 426 

values of APF/TVS, bus 1, 15, and 29, the system losses are also relatively large, which is 427 

(0.409+j0.109), %∆𝑃𝐿𝑜𝑠𝑠 of 7.06% and %∆𝑄𝐿𝑜𝑠𝑠 of 14.27%.  428 

 429 

 430 

Figure 98. Comparison of system losses after DER units placement 431 

The outcomes of this examination from the location of DER, the system’s smallest 432 

eigenvalue, and the losses reduction with the proposed hybrid MMA-CPF approach with 433 

DER locations at buses with small and average values of APF/TVS are summarized in 434 

Table 12. Integrating the same size of DERs at buses with small and average APF/TVS 435 

values cannot assist to increase the voltage stability considerably and lessen the losses in 436 

significant quantity. Hence, it is certainly not suggested to locate DER units at the buses 437 

with small and average APF/TVS values from the perspective of voltage stability and sys-438 

tem losses. 439 
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Table 21. Results comparison in terms of the system smallest eigenvalue, and network losses reduc-440 

tion percentage 441 

 High values of APF/TVS 

(Recommended) 

Small values of 

APF/TVS 

Average values of 

APF/TVS 

DER Locations 26, 33 and 11 1, 2 and 12 5,15 and 29 

εmin 1.625 1.579 1.589 

%∆𝑃𝐿𝑜𝑠𝑠  42.25 4.44 7.06 

%∆𝑄𝐿𝑜𝑠𝑠  44.59 8.88 14.27 

 442 

The further interesting outcome obtained is that the operation of the system operat-443 

ing with only 1 DER integrated at bus 26 is superior to 3 DERs at small APF/TVS values 444 

buses (1, 2, 12) or average APF/TVS values (5, 15, 29), in terms of voltage profile of the 445 

system, eigenvalue assessment, and power losses reduction. The voltage profile perfor-446 

mance at the majority of the system, if DER is located at bus 26 is higher than if 3 DERs 447 

are located at small or average APF/TVS values buses as can be seen in Figure 910. Fur-448 

thermore, Figure 110 informs the results from an eigenvalue viewpoint and displays re-449 

lated results. Eigenvalue or ε𝑚𝑖𝑛  for 1 DER unit located at bus 26 is greater than ε𝑚𝑖𝑛  for 450 

3 DER units at small or average APF/TVS values buses. Similarly, the system losses if DER 451 

is positioned in bus 26 are marginally lesser than losses if 3 DERs at small or average 452 

APF/TVS values buses as can be perceived in Figure 121. 453 

 454 

 455 

 456 

Figure 109. Comparison of voltage profile  457 

 458 

Figure 1110. System eigenvalue comparison 459 
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 460 

Figure 1211. Losses comparison 461 

 462 

Additionally, in this manuscript, the proposed hybrid approach was compared with 463 

the CPF method by [19] to confirm the efficiency of the proposed hybrid approach. Table 464 

23 informs the DER location based on our proposed hybrid approach and the CPF tech-465 

nique while Figure 123 displays the enhancement of the voltage profile after DERs are 466 

placed according to both techniques. 467 

 468 

 469 

 470 

Table 32. DER Locations 471 

Iteration CPF Method [19] 
Proposed Method Hybrid 

MMA-CPF 

1 26 26 

2 33 33 

3 17 11 

 472 

 473 

 474 

Figure 1312. Voltage magnitude after DER integration with the CPF method and the proposed hy-475 

brid method 476 

As the eigenvalue assessment (ε𝑚𝑖𝑛) is one of the most efficient techniques to evalu-477 

ate the static voltage stability analysis, hence the ε𝑚𝑖𝑛  is utilized to make the efficient 478 

comparison of the DER location attained by the proposed hybrid method and the CPF. As 479 

can be perceived in Figure 14, the ε𝑚𝑖𝑛  of the system with the CPF is only 1.610, whereas 480 

the ε𝑚𝑖𝑛  with the proposed hybrid method is 1.618 which is larger than the CPF method 481 
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eigenvalue. This informs that the proposed hybrid approach is rather more efficient than 482 

the CPF technique in resolving the placement of DER. 483 

 484 

 485 

Figure 1413. System eigenvalues with the CPF approach and the proposed method 486 

 487 

Moreover, DER placement based on the proposed hybrid technique results in the 488 

largest losses reduction with 42.25% and 44.59% for %∆𝑃𝐿𝑜𝑠𝑠 and %∆𝑄𝐿𝑜𝑠𝑠, respectively. 489 

Though, by using the CPF approach, with 3 DERs at buses 26, 33, and 17, the reduction of 490 

losses is not as much as the losses reduction if DERs at buses 26, 33, and 11, where the 3rd 491 

DER is placed at bus 17, the losses decline a little below the network losses reduction for 492 

the proposed approach. The %∆𝑃𝐿𝑜𝑠𝑠 with CPF is 36.36% and %∆𝑄𝐿𝑜𝑠𝑠  is 41.29%. Table 3 493 

4 clarifies the %∆𝑃𝐿𝑜𝑠𝑠 and %∆𝑄𝐿𝑜𝑠𝑠  if DERs are placed at particular locations. 494 

 495 

Table 43    Results Comparison 496 

DER Placement Approach 𝜀𝑚𝑖𝑛 %∆𝑃𝐿𝑜𝑠𝑠  %∆𝑄𝐿𝑜𝑠𝑠  VSI (%) OF 

26, 33 and 17 CPF [19] 1.610 36.36 41.29 2.430335 80.08033 

26, 33 and 11 MMA-CPF 1.618 42.25 44.59 2.939305 89.77931 

26 and 33 Both 1.6067 30.34 35.33 2.220384 67.89038 

26 Both 1.5988 8.87 18.97 1.717776 29.55778 

 497 

6. Conclusions 498 

The appropriate allocation of DERs is essential to exploit the DER advantages. This 499 

manuscript recommends a novel technique based on two analytical voltage stability anal-500 

ysis approaches, the Modified Modal Analysis and Continuation Power Flow (MMA-501 

CPF). The aim of this work is to attain the most stable system, the lowest losses, and the 502 

highest system eigenvalue. To assess the efficiency of the developed technique, this work 503 

also examines the performance of the system if DER units are sited at the least sensitive 504 

and the average APF/TVS values buses.  505 

The outcomes of implementing this approach to the modified 34-bus RDN elucidate 506 

the efficiency of this technique in the optimum allocation of DERs. The outcomes demon-507 

strate the robustness of the APF/TVS in deciding the optimum placement for DER to im-508 

prove the voltage stability, reduce the losses, and also increase the eigenvalue.  When the 509 

DER units are placed according to the proposed hybrid technique (buses 26, 33, and 11), 510 

it resulted in the largest losses reduction with 42.25% for %∆𝑃𝐿𝑜𝑠𝑠  and 44.59% for 511 

%∆𝑄𝐿𝑜𝑠𝑠. The reduction of losses with the comparative method, the CPF approach (buses 512 

26, 22, and 17), is not as much as the losses reduction if DERs placement based on the 513 

proposed method, in which the %∆𝑃𝐿𝑜𝑠𝑠 with CPF is 36.36% and %∆𝑄𝐿𝑜𝑠𝑠  is 41.29%. If 3 514 
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DERs are located at buses with low APF/TVS values (buses 1, 2, and 12), the power losses 515 

reduction is very insignificant with %∆𝑃𝐿𝑜𝑠𝑠  of only 4.44% and %∆𝑄𝐿𝑜𝑠𝑠  of 8.88%. Simi-516 

larly, when 3 DER units are sited at buses with average values of APF/TVS (buses 1, 15, 517 

and 29), the losses reduction is quite low, with the %∆𝑃𝐿𝑜𝑠𝑠  is 7.06% and the %∆𝑄𝐿𝑜𝑠𝑠  is 518 

14.27%. 519 

It was proven in this paper that an appropriate DER site is very crucial to maximize 520 

DERs’ advantages. The proper DER allocation can enhance the voltage profile substan-521 

tially and reduce network losses significantly. The outcomes demonstrate the robustness 522 

of the APF/TVS in deciding the optimum placement for DER to improve the voltage sta-523 

bility, reduce the losses, and also increase the eigenvalue. 524 
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𝜃𝑖  Power angle changes at bus i 569 
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𝛿̅  Vector of generator angle  570 

𝑉̅  Vector of the bus voltage magnitude vector 571 
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Response to Reviewer 1 Comments 
 

The authors would like to thank the Editor and Reviewers. All the comments have been incorporated 

in the paper appropriately and below are the response to the reviewers’ comments. 

 

The paper proposes a very interesting novel methodology to optimize DER units (Distributed Energy 

resource) typically used in renewable energy sources dedicated to electricity generation in order to 

produce a more stable performance and reduce power losses.  This goal is achieved combining a 

Modified Modal Analysis (MMA) and Continuation Power Flow (CPF) techniques enabling via the 

calculation of Active Participation Factor (APF) and the Tangent Vector Sensitivity (TVS) to know 

precisely the load bus sensitivity in the network. 

  

The paper is very well written and explained requiring almost no changes before it can be published. 

Few suggestions for a deeper reflection: 

  

1) Line 281-282 

It is important to explain that and if Δ𝑃𝐿𝑜𝑠𝑠 and ΔQ𝐿𝑜𝑠𝑠 are minimized at the same time or not and 

if not which becomes more important. I think it really depends on the application, but this should be 

clarified. 

 

Response 1: Thank you for your suggestions. We have added more explanation in Section 4.5 

In summary, the first step in determining the DER location is to calculate the APF and TVS values. In 

general, both methods tend to show the same results. However, if there is a difference, the value of 

the Objective Function (OF) as in Eq. 22 will be calculated, which in this OF calculation is to compute 

the summation of the ratio of changes in active power, changes in reactive power and changes in 

eigenvalue as an index of voltage stability of the electric power system. Hence from this OF 

calculations, it can be seen which bus has the greater influence on both the reduction of active power 

and reactive power. 

The detailed explanation about the proposed method can be seen in the flowchart and the step by 

step procedure as in Section 4.1. 

 

2)    Figure 2  / Line 322 

It is not clear from the explanation provided of Figure 2 and then 3 (lines 304 -320) if the fact that both 

maxima (for APF and TVS in Figure 2) are “by chance” both corresponding to bus 26 and above all if 

this is ALWAYS the case. In other words, what happens if the maximum of APF is for example bus 

10 and maximum of TVS is bus 26? How then a decision is made? It would seem a second DER is 

needed and then a third. So when does the process stop? 

If not, it would help explaining why mathematically the two solutions are effectively “always” 

converging or at least put a clear reference to paragraph 5.3 where the eigenvalues are compared. 

While Figure 5 explains that the total objective function is reduced, it does not show that is 



 

2 

“absolutely” reduced, meaning it is the absolute minimum. It seems that the results of figure 6 are 

needed to explain or confirm the ones of Figure 5. Please, elaborate further and more clearly. 

 

Response 2: 

The explanation of the first part for Comment 2 is the same as in Comment 1. We have added more 

explanation on Section 4.5 on how to decide the DER location if APF and TVS are different. 

In summary, the first step in determining the DER location is to calculate the APF and TVS values. In 

general, both tend to show the same results. However, if there is a difference, the value of the 

Objective Function (OF) as in Eq. 22 will be calculated, which in this OF calculation is to compute the 

summation of the ratio of changes in active power, changes in reactive power and changes in 

eigenvalue as an index of voltage stability of the electric power system. Hence from this OF 

calculation, it can be seen which bus has the greater influence on both the reduction of active power 

and reactive power. This process will be repeated until the voltage stability limits at all buses have 

been met as written in Section 4.2. 

 

We have added a picture of the 34 bus distribution system, hence Figure 2 changes to Figure 3. Figure 

3 (previously Figure 2) shows the results of the APF and TVS calculations for the first iteration and 

the highest APF and TVS values are both bus 26, thus bus 26 is chosen as a candidate for DER 

placement in iteration 1. We have added a more complete explanation to the article as follows: 

The outcomes APF and TVS computation at each load bus to find out the appropriate location for the 

1st DER allocation are shown in Figure 3. As can be seen from Figure 3, bus 26 has the biggest APF 

value (0.1774) and TVS value (0.124), as indicated by the big black marks, therefore bus 26 has the 

biggest influence on improving stability and is confirmed as the most efficient bus for the location of 

DER. Nonetheless, after DER integration at bus 26, the system is not stable yet, hence a second DER 

is required. Regarding Figure 4, bus 33 then has the biggest APF and TVS values of 0.1698 and 0.115 

respectively, hence it is becoming the most sensitive bus to instability for the second computation. 

However since the system constraints have not been satisfied yet, the third DER is needed. The APF 

and TVS outcomes for the third DER can be perceived in Figure 5 where bus 11 has the biggest APF 

(0.1393), but bus 17 has the biggest TVS (0.113). Due to this difference, the objective function (OF) 

needs to be computed to resolve the most effective bus for the third DER unit. The result of the 

objective function calculation is shown in Figure 6 where bus 11 is shown to have the highest objective 

function value (0.8926), hence bus 11 is chosen as the site for the third DER unit. With 3 DERs 

positioned at buses 26, 33, and 11, the voltages at all buses system have recovered above the stability 

constraints (0.95 ≤ 𝑉𝑖 ≤ 1.05 p. u) thus the procedure is completed. 

Therefore for the first and second iterations, APF and TVS indicate the same bus for the best DER 

location, hence OF is not calculated. Nevertheless, in the third iteration, because the highest APF and 

TVS values were on different buses, OF is calculated to determine the DER location. Table 1 provides 

a summary of the results of the highest APF, TVS and OF calculations to determine the DER location. 

 

 

 

 



 

3 

Table 1. Summary of the results of the highest APF, TVS and OF calculations to determine the DER 

location 

Iteration Highest APF  Highest TVS  Highest OF  DER location 

1 26 26 - 26 

2 33 33 - 33 

3 11 17 11 11 

 

From Figures 3-5, we can also see buses that have low or average APF and TVS values. Hence to 

evaluate the selected buses, we compare the magnitude of the voltage profile and the eigenvalues 

when the DERs are placed on buses with low or average APF/TVS values. The results of the voltage 

profile can be seen in Figure 7 and the eigenvalues can be seen in Figure 8. The eigenvalue is one of 

the stability indices in the analysis of voltage stability of power systems and the higher the eigenvalue 

shows that the system is more stable. It can be seen from Figures 7 and 8, the better the system voltage 

profile, the higher the eigenvalue. 

Figure 7 in Section 5.2 shows the system voltage profile for DER placement for various scenarios 

while Figure 8 illustrates the smallest system eigenvalue for various scenarios whose voltage profiles 

are shown in Figure 7. There is a close relationship between the voltage profile and the smallest 

eigenvalue. The higher the smallest eigenvalue indicates the better voltage profile or system voltage 

stability. 

  

 

3)    Figure 9-10  / Line 422-424 

It is not clear what is the significance of Figure 9 and Figure 10 as differences in results are quite small 

if not negligible. What conclusion can be inferred from these plots? Please elaborate further. 

 

Response 3: In this section, we would like to point out that with only 1 DER at bus 26 results in better 

voltage profile, eigenvalue and lower losses compare to if 3 DERs are placed in improper buses. The 

results of voltage profile as in Figure 10 (previously Figure 9), eigenvalue as in Figure 11 (previously 

Figure 10), and losses in Figure 12. The differences are quite small because we compare only 1 DER 

at the proper location with 3 DERs at improper location. The explanation in the article are as follow: 

 

The further interesting outcome obtained is that the operation of the system operating with only 1 

DER integrated at bus 26 is superior to 3 DERs at small APF/TVS values buses (1, 2, 12) or average 

APF/TVS values (5, 15, 29), in terms of voltage profile of the system, eigenvalue assessment, and 

power losses reduction. The voltage profile performance at the majority of the system, if DER is 

located at bus 26 is higher than if 3 DERs are located at small or average APF/TVS values buses as 

can be seen in Figure 10. Furthermore, Figure 11 informs the results from an eigenvalue viewpoint 

and displays related results. Eigenvalue or ε_min for 1 DER unit located at bus 26 is greater than 

ε_min for 3 DER units at small or average APF/TVS values buses. Similarly, the system losses if DER 

is positioned in bus 26 are marginally lesser than losses if 3 DERs at small or average APF/TVS values 

buses as can be perceived in Figure 12. 

 

 



 

4 

4)    Conclusions 

While the idea is well explained, I would suggest providing in the conclusions a percentage number 

(15%? 27%?) of possible maximum reduced losses achieved with this new methodology similarly to 

what summarized in TABLE 3 and maybe TABLE 1. This would help illustrate better the clear 

advantages put in evidence in this study. 

 

Response 4: We have added more explanation in the conclusion based on the suggestion above as 

follow: 

The outcomes of implementing this approach to the modified 34-bus RDN elucidate the efficiency of 

this technique in the optimum allocation of DERs. When the DER units are placed according to the 

proposed hybrid technique (buses 26, 33 and 11), it resulted in the largest losses reduction with 42.25% 

for %∆𝑃𝐿𝑜𝑠𝑠  and 44.59% for %∆𝑄𝐿𝑜𝑠𝑠. The reduction of losses with the comparative method, the CPF 

approach (buses 26, 22 and 17), is not as much as the losses reduction if DERs placement are based 

on the proposed method, which the %∆𝑃𝐿𝑜𝑠𝑠 with CPF is 36.36% and %∆𝑄𝐿𝑜𝑠𝑠 is 41.29%. If 3 DERs 

are located at buses with low APF/TVS values (buses 1, 2, and 12), the power losses reduction is very 

insignificant with %∆𝑃𝐿𝑜𝑠𝑠  of only 4.44% and %∆𝑄𝐿𝑜𝑠𝑠  of 8.88%. Similarly, when 3 DER units are 

sited at buses with average values of APF/TVS (buses 1, 15, and 29), the losses reduction is quite low, 

which the %∆𝑃𝐿𝑜𝑠𝑠  is 7.06% and the %∆𝑄𝐿𝑜𝑠𝑠  is 14.27%. 
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Abstract: Distributed energy resource (DER) has become an effective attempt in promoting use of 

renewable energy resources for electricity generation. The core intention of this study is to expand 

an approach for optimally placing several DER units to attain the most stable performance of the 

system and the greatest power losses decrease. The recommended technique is established on two 

analytical methods for analyzing voltage stability: the new modified modal analysis (MMA) and the 

continuation power flow (CPF) or MMA–CPF methods. The MMA evaluates voltage stability by 

considering incremental connection relating voltage and active power, which includes the eigen-

value and the related eigenvectors computed from the reduced modified Jacobian matrix. Further-

more, an active participation factor (APF) is computed from the eigenvectors of the reduced modi-

fied Jacobian matrix. The CPF method uses a predictor–corrector stepping pattern to reach the so-

lution track and compute the tangent vector sensitivity (TVS). Both APF and TVS indicate each load 

bus sensitivity in the network. In addition, an objective function regarding losses decrease and ei-

genvalue is expressed to calculate the best bus position for DER allocation. The proposed MMA–

CPF technique has been assessed on a 34-bus RDN and the outcomes demonstrate the effectiveness 

of the proposed scheme.  

Keywords: continuation power flow; distributed energy resource; distributed generation; eigen-

value; eigenvector; modal analysis; network losses; renewable energy resources; voltage stability 

 

1. Introduction 

Due to rapid technological advances and the economic and environmental benefits 

of a distributed energy resource (DER), DER has become a global unpolluted renewable 

energy source for alternative generation. Nowadays, DERs are more developed in the grid 

worldwide because of their advantages compared to conventional fossil fuel power gen-

eration methods, which drive the issue of global warming. DERs can be divided into four 

main categories based on their ability to supply active and reactive power, which are [1]: 

 Type 1 DER unit (pfDERi = 1, unity power factor). Type 1 DER can only supply active 

power to the system. Examples of type 1 DER are photovoltaic (PV) [2,3], micro-tur-

bines (MT), and fuel cells (FC). These DERs are connected to the main network using 

converters/inverters; 

 Type 2 DER unit (pfDERi = 0). The type 2 DER can only provide reactive power to the 

network. For example, static power compensators, such as capacitors, static VAr 

compensators (SVC), static synchronous compensators (STATCOM), etc. [4,5]; 

 Type 3 DER unit (0 < pfDERi < 1 with lagging power factor). Type 3 DERs can provide 

active power and reactive power to the network. Examples of type 3 DER are a syn-

chronous generator operated in cogeneration and gas-fired DER;  
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 Type 4 DER unit (0 < pfDERi < 1 with leading power factor). This type of DER provides 

active power to the system but attracts reactive power. An example of type 4 DER is 

primarily an induction generator in a wind farm, such as doubly fed induction gen-

erators (DFIG) [6]. 

Connection of DERs into the grid has resulted in several gains. Because the DERs are 

located inside the local grid or at the customer’s site, DERs provide electrical energy di-

rectly to the customers or the local distribution grid. DERs tend to decrease the flow of 

power in the transmission system, which can enhance the voltage profile in the distribu-

tion system. DERs assist to lessen losses in the distribution network by supplying locally 

to the load demand. DERs also enhance system reliability by delivering supplementary 

system generation capacity for power distribution networks for non-disruptive power 

supplies and backup power supplies and provide temporary emergency power [7]. How-

ever, these benefits are highly dependent on proper placement and capacity of DERs. 

Proper placement of DERs will greatly improve a system stability and reduce distribution 

grid losses [8]. Optimum DER allocation is one of the main challenges for DER integration 

[9]. Studying the most appropriate placements of DERs was essential to take full ad-

vantage of DERs’ operating advantages. Power system engineers and researchers have 

recommended various methodologies to determine optimal placement of DERs. A com-

prehensive review of DG placement is provided by [10]. 

Many analytical techniques have been proposed for solving DER placement. The au-

thors in [11] proposed 𝑄 − 𝑃𝑄𝑉 bus pair considering load demand seasonal changes bio-

mass DER placement. In [12], bifurcation analysis and dynamic programming were used. 

The authors of [13] have established a power stability index (PSI) that determines a stable 

node voltage for placement and sizing of DERs. Work in [14] defined an objective function 

by employing the maximum power stability index (MPSI) for finding the DER location. 

Integer nonlinear programming was implemented in [15] to choose sensitive nodes to in-

crease voltage profiles. Further, [16] suggested a technique for determining the optimal 

position of DERs considering network losses and using the Kalman filter algorithm to 

compute the optimal DER size. Nonetheless, no standard criteria exist for determination 

of optimal number of DERs. The author of [17] recommended analytical power loss equa-

tions for calculating optimal size and position of DERs to reduce network losses. Never-

theless, the large size and difficulty of the distribution system can affect how robustness 

is not satisfied. From [18], a “2/3 rule” that was first used for capacitor placement in the 

distribution network was assumed to determine the position of DERs. This method is very 

easy but cannot be directly applied to a meshed network. Furthermore, capacitors supply 

only reactive power while the DER produces active power. Consequently, this rule cannot 

be used effectually to locate the DERs. The authors of [19] offered a continuation power 

flow (CPF)-based settlement of DER units and indicated the most sensitive bus to voltage 

breakdown. The DER units were placed on the chosen buses via the iterative algorithm 

and objective function. Yet, this technique does not always offer the ideal solution.  

Moreover, many meta-heuristic methodologies have been proposed for optimal DER 

placement. A sensitivity analysis and harmony search algorithm (HAS) was used to de-

cide the most appropriate DER placement [20]. A differential evolution algorithm is pro-

posed in [21] for DER integration. Genetic algorithm (GA) and AC-OPF were proposed in 

[22] for placement and size of DERs. GA is a suitable technique for solving multi-objective 

difficulties and can provide effectual solutions, but it is time-consuming in its computa-

tion. A chaotic bat algorithm (CBA) was developed in [23] for optimal locations and DER 

sizes. A fuzzy-embedded multi-objective particle swarm optimization (FMOPSO) method 

was used in [24]. Nevertheless, the shortcoming of PSO is it obtains solutions to local so-

lutions quickly or prematurely converges. Ant colony system (ACS) was used in [25] for 

DER placement. However, a few obstacles to the ACS approach may additionally reduce 

its effectiveness. ACS relies upon preliminary points and necessitates a longer computa-

tional time to discover the most efficient arrangement. The authors in [26] developed a 

fireworks algorithm for network reconfiguration and finding the most suitable allocation 
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of DER in a distribution system. In [27], the authors developed DER placement based on 

a modified teaching–learning-based optimization (MTLBO) algorithm. Meta-heuristics 

techniques are widely known and utilized for optimal DER allocation; nonetheless, their 

severe drawbacks are the divergence possibility, they require a long period to acquire the 

best solution, and they cannot often guarantee to obtain the best result but a sensible result 

that is near to a perfect result. 

Hence, we proposed an original hybrid analytical method in this article with modi-

fied modal analysis (MMA) and continuation power flow (CPF) to resolve DER deploy-

ment with the objective of maximizing voltage stability and minimizing active power 

losses. Gao et al. [28] developed a modal analysis and it has been implemented to resolve 

several power systems issues. This method includes the eigenvalue method and the re-

lated eigenvectors computed from the reduced voltage–reactive power Jacobian matrix. 

The reduced voltage–reactive power Jacobian matrix emphasizes the relationship be-

tween system voltage and reactive power. However, in order to meet the aim of this study, 

the reduced Jacobian matrix was adapted, where its focus was on voltage and active 

power properties rather than reactive power. This method is appropriate for DER type 1 

because the MMA and CPF provide information about the correlation between voltage 

magnitude and active power at each load bus. 

Appropriate placement of DER units will substantially lessen system losses and con-

siderably enhance the stability of the system. Hence, the key contributions of this manu-

script are: 

 developing a new hybrid scheme to compute optimal DER placement. This technique 

is a hybrid approach between the modified modal analysis (MMA) and continuation 

power flow (CPF) or MMA–CPF method. This approach combines the key features 

of both techniques. The MMA incorporates eigenvalue computation and the corre-

lated eigenvectors of the reduced modified voltage–active power Jacobian matrix. 

MMA uses eigenvectors to compute the bus active participation factor (APF). The 

APF provides an indication of the participation of a certain bus in solving the insta-

bility problem of the network. On the other hand, the CPF reformulates the equation 

of power flow by using a prediction–correction stepping algorithm to reach the solu-

tion track and computes the tangent vector sensitivity (TVS). Both APF and TVS pro-

vide indications about the bus that has the largest influence in improving the system 

stability directly. Thus, the load bus that has the largest APF/TVS is chosen as the 

place for the DER unit; 

 delivering a complete evaluation of the impact of DER allocation on system losses 

and assessment of voltage stability, which, in this case, are the smallest eigenvalues  

for the system as they are a common indicator for assessing the performance of sys-

tem stability;  

 enhancing the objective functions based on the power losses and eigenvalues to con-

clude the most suitable DER site when a difference between APF and TVS occurs. 

Formulation of this objective function provides a calculation in which bus will pro-

vide the least losses and the most stable system. 

After determining the DER placement, this work re-evaluates the voltage stability of 

the system to confirm the efficiency of the proposed placement in enhancing the voltage 

profile, eigenvalues of the system, and reduction in power losses. The proposed technique 

was simulated on a 34-bus RDN to clarify the efficacy of the recommended scheme. Even 

though integration of DERs into a present distribution network can offer several ad-

vantages, this research only emphasizes improvement in voltage stability and reduction 

in network losses. This work computed the network losses, voltage magnitude, and sys-

tem’s smallest eigenvalue. The developed scheme is simple, straightforward, robust, and 

its time calculation is effectual because it uses a non-iterative procedure in calculating 

DER placement based on the APF/TVS. Further interesting outcomes are elaborated in 

this manuscript. 
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2. Modified Modal Analysis 

The modal analysis technique was proposed by [28]. This technique has been imple-

mented in many areas of power systems to resolve different stability problems. This ap-

proach forms a reduced Jacobian matrix that provides a direct correlation between varia-

tions in reactive power and system voltage. The modal analysis presents proximity and 

mechanism. Proximity provides information about the security of the system voltage, which 

provides details on the stability level of the system, which is indicated by the eigenvalues 

(𝜀𝑖). The 𝜀𝑖 indicates if the system is stable or not stable at a particular operational state. 

The mechanism provides identification of areas likely vulnerable to instability problems, 

which is helpful to preclude system instability. The information on the instability mecha-

nism is provided by the eigenvectors. Their computation states critical voltage instability 

areas and signifies components that are imperative in instability occurrence. 

The linearized equation of a static steady-state power system is provided by, 

[
∆𝑃
∆𝑄

] = [

𝜕𝑃

𝜕𝜃

𝜕𝑃

𝜕𝑉
𝜕𝑄

𝜕𝜃

𝜕𝑄

𝜕𝑉

] [
∆𝜃
∆𝑉

] = 𝐽 [
∆𝜃
∆𝑉

] (1) 

Nevertheless, in the modal analysis by [28], evaluation of voltage stability is regard-

ing the correlation between reactive power (Q) and voltage (V). Yet, in the placement of 

the type 1 DER, the assessment should emphasize the active power supplied by DERs. 

Therefore, in this manuscript, the initial modal analysis is adjusted to assess the stability 

of the system by considering the incremental correlation between active power (P) and 

voltage (V); thus, reactive power (Q) is considered the same.  

If Q in Equation (1) is kept constant, then the reduced modified Jacobian matrix can 

be written as: 

[
∆𝑃
0

] = [
𝐽𝑃𝜃 𝐽𝑃𝑉

𝐽𝑄𝜃 𝐽𝑄𝑉
] [

∆𝜃
∆𝑉

] (2) 

∆𝑃 =  [𝐽𝑃𝑉 − 𝐽𝑃𝜃  𝐽𝑄𝑉  𝐽𝑄𝜃
−1]∆𝑉 = 𝐽𝑅

∗  ∆𝑉 (3) 

∆𝑉 =  𝐽𝑅
∗ −1 ∆𝑃 (4) 

𝐽𝑅
∗ =  [𝐽𝑃𝑉 −  𝐽𝑃𝜃  𝐽𝑄𝑉  𝐽𝑄𝜃

−1] (5) 

The reduced modified Jacobian matrix is marked as 𝐽𝑅
∗  to differentiate it from the in-

itial Jacobian matrix, which correlates directly with variations between active power and 

magnitude of bus voltage. Hence, we can reformulate the eigenvalues and eigenvectors 

as follows: 

𝐽𝑅
∗ =  ℜ∗ Φ∗ Υ∗ (6) 

𝐽𝑅
∗ −1 =  ℜ∗ Φ∗−1 Υ∗ (7) 

By substituting Equation (7) into Equation (4), the direct correlation between the in-

cremental variations in active power and system voltage can be obtained as follows: 

∆𝑉 =  ℜ∗ Φ∗−1 Υ∗  ∆𝑃 (8) 

Or, 

∆𝑉 =  ∑
𝜁𝑖

∗ 𝜚𝑖
∗

𝜀𝑖
∗

𝑖

∆𝑃 (9) 

Therefore, the APF becomes:  

𝐴𝑃𝐹𝑘𝑖 = 𝜁𝑘𝑖
∗  𝜚𝑖𝑘

∗  (10) 
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𝐴𝑃𝐹𝑘𝑖 signifies the participation of bus i in the voltage–active power sensitivity at bus 

k. The larger the 𝐴𝑃𝐹𝑘𝑖 value, the more significant bus i effect in deciding voltage–active 

power sensitivity at bus k [29].  

3. Continuation Power Flow (CPF) 

The intention of the CPF scheme is to attain different power flow results for a partic-

ular load variation situation. The CPF scheme concisely delivered in this manuscript is 

according to the method explained by [30].  

Initially, we define a load parameter (𝜛) as: 

0 ≤ 𝜛 ≤ 𝜛𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 

where 𝜛 = 0 relates to the system base load and 𝜛 = 𝜛𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 indicates the critical load. 

Then, 𝜛 is then included in the power equations of both active and reactive to acquire: 

0 =  𝑃𝐺𝑖0(1 +  𝜛𝑘𝐺𝑖) − 𝑃𝐿𝑖0 −  𝜛 (𝑘𝐿𝑖 𝑆Δ𝑏𝑎𝑠𝑒 cos 𝜃𝑖) − 𝑃𝑇𝑖 (11) 

0 =  𝑄𝐺𝑖0 − 𝑄𝐿𝑖0 −  𝜛 (𝑘𝐿𝑖  𝑆Δ𝑏𝑎𝑠𝑒 sin 𝜃𝑖) − 𝑄𝑇𝑖 (12) 

A continuance procedure is implemented at the remodeled power flow calculations; 

hence, Equations (11) and (12) are adjusted in a simple formula: 

𝐹 (𝛿̅, 𝑉̅, 𝜛) = 0 (13) 

The continuation power flow technique exploits a prediction–correction system to 

attain a result track of remodeled power flow formulas. A tangent vector is computed in 

the prediction phase by considering the derivation of both power flow equations sides; 

hence: 

[𝐹𝛿̅ 𝐹𝑉 𝐹𝜛] [
𝑑𝛿̅

𝑑𝑉̅
𝑑𝜛

] = 0 (14) 

A revision is completed in the prediction stage by parameterization enlargement to 

recognize every result alongside the trajectory being tracked. The tangent vector specifies 

sensitivity analysis to resolve the most sensitive buses in addition to the manner of the 

solution route. A sensitive bus in CPF is a bus with a large ratio of voltage differential 

variation to load differential variation, which is provided by the tangent vector [31]. 

Hence, the formula for tangent vector sensitivity (TVS) at bus j can be written as: 

𝑇𝑉𝑆𝑗 = |
𝑑𝑉𝑗

𝑑𝑃𝑡𝑜𝑡𝑎𝑙

| = |
𝑑𝑉𝑗

𝐶𝑑𝜛
| = max [|

𝑑𝑉1

𝐶𝑑𝜛
| , |

𝑑𝑉2

𝐶𝑑𝜛
| , … |

𝑑𝑉𝑛

𝐶𝑑𝜛
|] (15) 

4. Proposed Methodology, System Constraints, Objective Function, and Evaluation Pa-

rameters 

4.1. Proposed Hybrid MMA–CPF Technique 

The load bus that has the largest APF/TVS value signifies the most sensitive bus in 

the network, thus having a prevalent impact on enhancing the system stability. Hence, the 

DER placement position is recommended according to the bus with the largest APF/TVS 

value. Additionally, this work develops a new formulation for objective function based 

on the APF/TVS outcomes to resolve the most appropriate bus for DER placement that 

would result in the most stable system and the lowest system losses. The APF computa-

tion is provided in Equation (10), while the TVS calculation can be obtained in Equation 

(15). Figure 1 provides the proposed MMA–CPF technique flowchart. 
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Figure 1. The hybrid MMA–CPF DER allocation approach flowchart. 

The detailed computational process for DER allocation according to the hybrid 

MMA–CPF technique is described as: 

Step 1 Input the system data. 

Step 2 Execute power flow with Equation (1) and evaluate voltage stability for the original state 

(no DER unit) to compute voltage profile, system losses, and eigenvalue. 

Step 3 (a) Execute MMA to compute APF at each load bus to define the most influential bus 

(busj-MMA), and 
(b) execute CPF to compute TVS at each load bus to define the most sensitive bus (busj-CPF). 

Step 4 Compare the outcomes of MMA and CPF. If busj-MMA ≠ busj-CPF, go to Step 5; otherwise, 

go to Step 7. 

Step 5 Compute ∆𝑃𝐿𝑜𝑠𝑠, ∆𝑄𝐿𝑜𝑠𝑠, and VSI. 

Step 6 Compute the OF. The bus that has the highest objective function is recommended as the 

DER location. 

Step 7 Set up DER in the designated bus. 

Step 8 Execute power flow and evaluate voltage stability assessment to compute voltage pro-

file, system losses, and eigenvalue. 
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Step 9 Assess the performance of the system as to if all the voltages are within the voltage limit 

constraints. 

Step 10 If the bus voltage magnitudes are not fulfilled, then adjust the system data to acquire a 

new DER place and go back to Step 3. 

Step 11 Once the voltage stability constraints are fulfilled, the program is terminated. 

4.2. Voltage Stability Constraints 

The voltage threshold stability limit utilized in this study is as follows: 

𝑉𝑚𝑖𝑛 ≤ 𝑉𝑖 ≤ 𝑉𝑚𝑎𝑥   →  0.95 ≤ 𝑉𝑖 ≤ 1.05 p. u 

4.3. Eigenvalue Evaluation 

The eigenvalue is one of the popular parameters for assessing voltage stability and 

has been confirmed for its usefulness in evaluating voltage stability. In this manuscript, 

the smallest system eigenvalue 𝜀𝑚𝑖𝑛 is calculated and implemented to assess the level of 

system voltage stability. It is also considered a voltage stability indicator. Therefore, we 

can expand Equation (6) into: 

𝐽𝑅
∗ = [

𝜁11 𝜁12 ⋯ 𝜁1𝑛

𝜁21 𝜁22 ⋯ 𝜁2𝑛

⋮ ⋮ ⋱ ⋮
𝜁𝑛1 𝜁𝑛2 ⋯ 𝜁𝑛𝑛

] [

𝜀1 0 ⋯ 0
0 𝜀2 ⋯ 0
⋮ ⋮ ⋱ 0
0 0 0 𝜀𝑛

] [

𝜚11 𝜚12 ⋯ 𝜚1𝑛

𝜚21 𝜚22 ⋯ 𝜚2𝑛

⋮ ⋮ ⋱ ⋮
𝜚𝑛1 𝜚𝑛2 ⋯ 𝜚𝑛𝑛

] (16) 

The 𝜀𝑖 magnitude defines the bus ith modal voltage’s degree of stability. 

4.4. Network Power Losses 

The following formulations represent the total active and reactive power losses [32]: 

𝑃𝐿𝑜𝑠𝑠 +  𝑗𝑄𝐿𝑜𝑠𝑠 = ∑ 𝑆𝑖

𝑁

𝑖=1

= ∑ 𝑉𝑖𝐼𝑖
∗

𝑁

𝑖=1

 (17) 

𝑃𝐿𝑜𝑠𝑠 = ∑ ∑[𝛼𝑖𝑗(𝑃𝑖 . 𝑃𝑗 + 𝑄𝑖 . 𝑄𝑗) + 𝛽𝑖𝑗(𝑄𝑖 . 𝑃𝑗 − 𝑃𝑖 . 𝑄𝑗)]

𝑁

𝑗=1

𝑁

𝑖=1

 (18) 

𝑄𝐿𝑜𝑠𝑠 = ∑ ∑[𝛾𝑖𝑗(𝑃𝑖. 𝑃𝑗 + 𝑄𝑖 . 𝑄𝑗) + 𝛿𝑖𝑗(𝑄𝑖 . 𝑃𝑗 − 𝑃𝑖 . 𝑄𝑗)]

𝑁

𝑗=1

𝑁

𝑖=1

 (19) 

where 

𝛼𝑖𝑗 =
𝑅𝑖𝑗

|𝑉𝑖||𝑉𝑗|
cos(𝜃𝑖 − 𝜃𝑗),       𝛽𝑖𝑗 =

𝑅𝑖𝑗

|𝑉𝑖||𝑉𝑗|
sin(𝜃𝑖 − 𝜃𝑗) 

𝛾𝑖𝑗 =
𝑋𝑖𝑗

|𝑉𝑖||𝑉𝑗|
cos(𝜃𝑖 − 𝜃𝑗),       𝛿𝑖𝑗 =

𝑋𝑖𝑗

|𝑉𝑖||𝑉𝑗|
sin(𝜃𝑖 − 𝜃𝑗) 

The following formulas are used to assess the DER unit placement effect on reduction 

in power losses: 

%∆𝑃𝐿𝑜𝑠𝑠 =  
𝑃𝐿𝑜𝑠𝑠 − 𝑃𝐿𝑜𝑠𝑠

𝐷𝐺

𝑃𝐿𝑜𝑠𝑠
∗ 100% (20) 

%∆𝑄𝐿𝑜𝑠𝑠 =  
𝑄𝐿𝑜𝑠𝑠 − 𝑄𝐿𝑜𝑠𝑠

𝐷𝐺

𝑄𝐿𝑜𝑠𝑠
∗ 100% (21) 

4.5. Objective Function 
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To determine the DER unit’s placement in the distribution system, the objective func-

tion deliberated in this work is minimizing the network losses (maximum losses reduc-

tion) and maximizing the system eigenvalue (system stability). Hence, the objective func-

tion (OF) is formulated as follows: 

OF =  ∆𝑃𝐿𝑜𝑠𝑠 + ∆𝑄𝐿𝑜𝑠𝑠 + 𝑉𝑆𝐼 (22) 

∆𝑃𝐿𝑜𝑠𝑠 =  
𝑃𝐿𝑜𝑠𝑠 − 𝑃𝐿𝑜𝑠𝑠

𝐷𝐺

𝑃𝐿𝑜𝑠𝑠
, ∆𝑄𝐿𝑜𝑠𝑠 =  

𝑄𝐿𝑜𝑠𝑠 − 𝑄𝐿𝑜𝑠𝑠
𝐷𝐺

𝑄𝐿𝑜𝑠𝑠
, 𝑉𝑆𝐼 =  

ε𝑚𝑖𝑛
𝐷𝐺  − ε𝑚𝑖𝑛

ε𝑚𝑖𝑛
 

The bus with the largest objective function is chosen as the place for DER installment 

as locating the DER unit in this bus; the aim is to obtain the lowest losses, and the highest 

stability index will be achieved. 

In summary, the first step in determining DER location is to calculate the APF and 

TVS values. In general, both tend to show the same results. However, if there is a differ-

ence, the value of the objective function (OF) as in Equation (22) will be calculated, which, 

in this OF calculation, is to compute the summation of the ratio of changes in active power, 

changes in reactive power, and changes in eigenvalue as an index of voltage stability of 

the electric power system. Hence, from this OF calculation, it can be seen which bus has 

the greater influence on both reduction in active power and reactive power. This process 

will be repeated until the voltage stability limits at all buses have been met as written in 

Section 4.2. 

5. Test Results and Analysis 

This paper developed a novel hybrid approach to resolve integration of DER based 

on an objective function computed from APF and TVS. Both the APF and TVS provide 

info about the most sensitive bus in the network or the bus that has the largest influence 

on improving stability. If APF and TVS indicate different most sensitive buses, an objec-

tive function that measures minimum losses and maximum stability index is calculated. 

The bus that has the largest objective function is chosen as the location for DER since, by 

assigning DER in this bus, network losses can be minimized and the index of stability can 

be maximized. To assess the proposed method’s performance, tests were conducted on 

the 34-bus RDN, as shown in Figure 2. 

 

Figure 2. IEEE 34-bus distribution network test system [19]. 

5.1. APF and TVS Computation for DER Location 

The outcomes of APF and TVS computation at each load bus to determine the appro-

priate location for the first DER allocation are shown in Figure 3. As can be seen from 

Figure 3, bus 26 has the largest APF value (0.1774) and TVS value (0.124), as indicated by 

the big black marks; therefore, bus 26 has the largest influence on improving stability and 

is confirmed as the most efficient bus for the location of DER. Nonetheless, after DER in-

tegration at bus 26, the system is not stable yet; hence, a second DER is required. Regard-

ing Figure 4, bus 33 then has the largest APF and TVS values of 0.1698 and 0.115, respec-
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tively; hence, it is becoming the most sensitive bus to instability for the second computa-

tion. However, since the system constraints have not been satisfied yet, the third DER is 

needed. The APF and TVS outcomes for the third DER can be perceived in Figure 5, where 

bus 11 has the largest APF (0.1393) but bus 17 has the largest TVS (0.113). Due to this 

difference, the objective function (OF) needs to be computed to resolve the most effective 

bus for the third DER unit. The result of the objective function calculation is shown in 

Figure 6, where bus 11 is shown to have the highest objective function value (0.8926); 

hence, bus 11 is chosen as the site for the third DER unit. With three DERs positioned at 

buses 26, 33, and 11, all the voltages have recovered above the stability constraints (0.95 ≤

𝑉𝑖 ≤ 1.05 p. u); thus, the procedure is complete. 

Therefore, for the first and second iterations, APF and TVS indicate the same bus for 

the best DER location; hence, OF is not calculated. Nevertheless, in the third iteration, 

because the highest APF and TVS values were on different buses, OF is calculated to de-

termine the DER location. Table 1 provides a summary of the results of the highest APF, 

TVS, and OF calculations to determine the DER location. 

 

Figure 3. The APF and TVS for determining the first DER location. 

 

Figure 4. The APF and TVS for determining the second DER location. 
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Figure 5. The APF and TVS for determining the third DER location. 

 

Figure 6. Objective function (OF) to determine the third DER location. 

Table 1. Summary of the results of the highest APF, TVS, and OF calculations to determine the DER 
location. 

Iteration Highest APF  Highest TVS  Highest OF  DER Location 

1 26 26 - 26 

2 33 33 - 33 

3 11 17 11 11 

5.2. Voltage Profile Enhancement 

Based on the results of APF, TVS, and OF calculations (Table 1), the DER locations 

proposed by the results of the proposed method are buses 26, 33, and 11. Figure 7 shows 

the voltage profile of the system for several scenarios. To verify the effectiveness of the 

developed hybrid MMA–CPF scheme, we also simulate system stability if three DER units 

are placed at the least sensitive buses that have small APF and TVS. Figures 3–5 indicate 

that buses 1, 2, and 12 have small APF/TVS. We also evaluate the system performance if 

the DERs are placed at average APF/TVS values buses, for example, at buses 5, 15, and 29. 

The line in blue color shows the system voltage profile of all buses at the original 

state before DER integration. It obviously indicates that most voltages are beneath the 

stability constraint (black line). The system voltage magnitude increases after one DER is 

integrated at bus 26 (red line). After the second DER is connected at bus 33, the system 

voltage profile improves again (green line). Then, the system voltage profile with three 

DERs connected at buses 26, 33, and 11 is shown by the dark purple graph. These three 

locations are the placements according to the proposed hybrid MMA–CPF approach. 
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Figure 7. Voltage profile improvement with DER units placement. 

Different scenarios are evaluated in this manuscript. This work also investigates the 

system voltage profile if three DERs are integrated at buses with low APF/TVS values (1, 

2, and 12) and buses with average APF/TVS values (5, 15, and 29), as assigned with light 

blue and orange lines, respectively. Apparently, the voltage profile of the system does not 

increase substantially in both conditions. Interestingly, the system voltage with only one 

DER integrated at the most appropriate bus or high APF/TVS value bus (26) is better. 

Nevertheless, for a more comprehensive stability assessment of the system, the following 

section delivers an evaluation of the system’s performance by using eigenvalue computa-

tion analysis. 

5.3. The System Smallest Eigenvalue (𝜀𝑚𝑖𝑛) 

Eigenvalue assessment is one of the most powerful techniques for assessing power 

system stability. The smallest eigenvalue (𝜀𝑚𝑖𝑛) informs the proximity of the system stabil-

ity, which is the voltage stability level indication. 

Figure 7 in Section 5.2 shows the system voltage profile for DER placement for vari-

ous scenarios, while Figure 8 illustrates the smallest system eigenvalue for various sce-

narios, whose voltage profiles are shown in Figure 7. There is a close relationship between 

voltage profile and smallest eigenvalue. The higher the smallest eigenvalue, the better the 

voltage profile or system voltage stability. It can be seen from Figures 7 and 8 that, the 

better the system voltage profile, the higher the eigenvalue. At the original state, no DER, 

the 𝜀𝑚𝑖𝑛 is 1.572. If one DER is connected at bus 26, the 𝜀𝑚𝑖𝑛 increases to 1.598 and then to 

1.607 after addition of another DER placement at bus 33. Then, with the third DER posi-

tioned at bus 11, the final 𝜀𝑚𝑖𝑛 for three DER units becomes 1.625. However, if three DERs 

with the same capacity are sited at the least sensitive buses or buses with small APF/TVS 

values (buses 1, 2, 12), the 𝜀𝑚𝑖𝑛 is just 1.579. This 𝜀𝑚𝑖𝑛 value is even below the 𝜀𝑚𝑖𝑛 for a 

single DER at bus 26 (1.598). Similar outcomes apply to the average APF/TVS values buses 

(5, 15, 29); the 𝜀𝑚𝑖𝑛 is only 1.589 and also below the 𝜀𝑚𝑖𝑛 for a DER at bus 26. Even though, 

with simply a single DER at the proper location, in this case, bus 26 with a size of 50 MW, 

it provides a more stable system compared to three DERs total of 150 MW at buses with 

small and average APF/TVS values. Briefly, a single DER at the appropriate bus can result 

in improved system voltage and a greater eigenvalue 𝜀𝑚𝑖𝑛; therefore, the system is in a 

better and more stable state. 
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Figure 8. The system’s smallest eigenvalue comparison. 

5.4. Network Power Losses 

The network power losses, both active and reactive, were calculated for each state 

and are presented in Figure 9. If the first DER is placed at bus 26, the network losses are 

(0.391 + j0.095) p.u. Then, if another DER is placed at bus 33, the losses decrease to (0.187 

+ j0.046) p.u. With another DER at bus 11, the losses further reduce to (0.074 + j0.016) p.u.; 

hence, the percentages of losses reduction are %∆𝑃𝐿𝑜𝑠𝑠 is 42.25% and %∆𝑄𝐿𝑜𝑠𝑠 is 44.59%. If 

three DERs are located at the least sensitive buses, buses with low APF/TVS values, buses 

1, 2, and 12, the power losses are relatively significant, even larger than the system losses 

for one DER at bus 26. The losses only reduce to (0.434 + j0.125) p.u. with %∆𝑃𝐿𝑜𝑠𝑠  4.44% 

and %∆𝑄𝐿𝑜𝑠𝑠  8.88%. Likewise, when three DER units are sited at buses with average val-

ues of APF/TVS, bus 1, 15, and 29, the system losses are also relatively large, which is 

(0.409 + j0.109), %∆𝑃𝐿𝑜𝑠𝑠 of 7.06% and %∆𝑄𝐿𝑜𝑠𝑠 of 14.27%. 

 

Figure 9. Comparison of system losses after DER units placement. 

The outcomes of this examination from the location of DER, the system’s smallest 

eigenvalue, and the loss reduction with the proposed hybrid MMA–CPF approach with 

DER locations at buses with small and average values of APF/TVS are summarized in 

Table 2. Integrating the same size of DERs at buses with small and average APF/TVS val-

ues cannot assist to increase the voltage stability considerably and lessen the losses in sig-

nificant quantity. Hence, it is certainly not suggested to locate DER units at buses with 

small and average APF/TVS values from the perspective of voltage stability and system 

losses. 
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Table 2. Results comparison in terms of the system smallest eigenvalue, and network losses reduc-

tion percentage. 

 
High Values of APF/TVS 

(Recommended) 

Small Values of 

APF/TVS 

Average Values of 

APF/TVS 

DER Locations 26, 33, and 11 1, 2, and 12 5, 15, and 29 

εmin 1.625 1.579 1.589 

%∆𝑃𝐿𝑜𝑠𝑠  42.25 4.44 7.06 

%∆𝑄𝐿𝑜𝑠𝑠  44.59 8.88 14.27 

A further interesting outcome obtained is that the operation of the system operating 

with only one DER integrated at bus 26 is superior to three DERs at small APF/TVS values 

buses (1, 2, 12) or average APF/TVS values (5, 15, 29) in terms of voltage profile of the 

system, eigenvalue assessment, and power losses reduction. The voltage profile perfor-

mance for the majority of the system if DER is located at bus 26 is higher than if three 

DERs are located at small or average APF/TVS values buses, as can be seen in Figure 10. 

Furthermore, Figure 11 informs the results from an eigenvalue viewpoint and displays 

related results. Eigenvalue or 𝜀𝑚𝑖𝑛  for one DER unit located at bus 26 is greater than ε𝑚𝑖𝑛  

for three DER units at small or average APF/TVS values buses. Similarly, the system losses 

if DER is positioned in bus 26 are marginally lesser than losses if three DERs at small or 

average APF/TVS values buses as can be perceived in Figure 12. 

Additionally, in this manuscript, the proposed hybrid approach was compared with 

the CPF method by [19] to confirm the efficiency of the proposed hybrid approach. Table 

3 informs the DER location based on our proposed hybrid approach and the CPF tech-

nique, while Figure 13 displays enhancement of the voltage profile after DERs are placed 

according to both techniques. 

 

Figure 10. Comparison of voltage profile. 

 

Figure 11. System eigenvalue comparison. 
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Figure 12. Losses comparison. 

Table 3. DER locations. 

Iteration CPF Method [19] Proposed Method Hybrid MMA–CPF 

1 26 26 

2 33 33 

3 17 11 

 

Figure 13. Voltage magnitude after DER integration with the CPF method and the proposed hybrid 

method. 

As eigenvalue assessment (ε𝑚𝑖𝑛) is one of the most efficient techniques to evaluate 

static voltage stability analysis, ε𝑚𝑖𝑛  is utilized to carry out efficient comparison of the 

DER location attained by the proposed hybrid method and the CPF. As can be perceived 

in Figure 14, the ε𝑚𝑖𝑛  of the system with the CPF is only 1.610, whereas the ε𝑚𝑖𝑛  with the 

proposed hybrid method is 1.618, which is larger than the CPF method eigenvalue. This 

informs that the proposed hybrid approach is rather more efficient than the CPF technique 

in resolving placement of DER. 

Moreover, DER placement based on the proposed hybrid technique results in the 

largest losses reduction, with 42.25% and 44.59% for %∆𝑃𝐿𝑜𝑠𝑠 and %∆𝑄𝐿𝑜𝑠𝑠, respectively. 

However, by using the CPF approach with three DERs at buses 26, 33, and 17, the reduc-

tion in losses is not as much as the losses reduction with DERs at buses 26, 33, and 11, 

where the third DER is placed at bus 17; the losses decline a little below the network losses 

reduction for the proposed approach. The %∆𝑃𝐿𝑜𝑠𝑠  with CPF is 36.36% and %∆𝑄𝐿𝑜𝑠𝑠  is 

41.29%. Table 4 clarifies the %∆𝑃𝐿𝑜𝑠𝑠 and %∆𝑄𝐿𝑜𝑠𝑠 if DERs are placed at particular loca-

tions. 
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Figure 14. System eigenvalues with the CPF approach and the proposed method. 

Table 4. Results comparison. 

DER Placement Approach 𝜺𝒎𝒊𝒏 %∆𝑷𝑳𝒐𝒔𝒔  %∆𝑸𝑳𝒐𝒔𝒔  VSI (%) OF 

26, 33, and 17 CPF [19] 1.610 36.36 41.29 2.430335 80.08033 

26, 33, and 11 MMA–CPF 1.618 42.25 44.59 2.939305 89.77931 

26 and 33 Both 1.6067 30.34 35.33 2.220384 67.89038 

26 Both 1.5988 8.87 18.97 1.717776 29.55778 

6. Conclusions 

Appropriate allocation of DERs is essential to exploit DER advantages. This manu-

script recommends a novel technique based on two analytical voltage stability analysis 

approaches, modified modal analysis and continuation power flow (MMA–CPF). The aim 

of this work is to attain the most stable system, the lowest losses, and the highest system 

eigenvalue. To assess the efficiency of the developed technique, this work also examines 

the performance of the system if DER units are sited at the least sensitive and average 

APF/TVS values buses. 

The outcomes of implementing this approach to the modified 34-bus RDN elucidate 

the efficiency of this technique regarding optimum allocation of DERs. When the DER units 

are placed according to the proposed hybrid technique (buses 26, 33, and 11), it resulted in 

the largest losses reduction, with 42.25% for %∆𝑃𝐿𝑜𝑠𝑠  and 44.59% for %∆𝑄𝐿𝑜𝑠𝑠 . The reduc-

tion in losses with the comparative method, the CPF approach (buses 26, 22, and 17), is not 

as much as the losses reduction for DERs placement based on the proposed method, in 

which the %∆𝑃𝐿𝑜𝑠𝑠 with CPF is 36.36% and %∆𝑄𝐿𝑜𝑠𝑠 is 41.29%. If three DERs are located at 

buses with low APF/TVS values (buses 1, 2, and 12), the power losses reduction is very in-

significant, with %∆𝑃𝐿𝑜𝑠𝑠  of only 4.44% and %∆𝑄𝐿𝑜𝑠𝑠  of 8.88%. Similarly, when three DER 

units are sited at buses with average values of APF/TVS (buses 1, 15, and 29), the losses 

reduction is quite low, with the %∆𝑃𝐿𝑜𝑠𝑠 being 7.06% and the %∆𝑄𝐿𝑜𝑠𝑠 14.27%. 

It was proven in this paper that an appropriate DER site is very crucial to maximize 

the advantages of DER. Proper DER allocation can enhance the voltage profile substan-

tially and reduce network losses significantly. The outcomes demonstrate the robustness 

of the APF/TVS in deciding optimum placement for DER to improve voltage stability, 

reduce losses, and also increase the eigenvalue. 
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Nomenclature 

APF Active Participation Factor 

TVS Tangent Vector Sensitivity 

RDN Radial Distribution Network 

DG Distributed Generation  

DER Distributed Energy Resources 

MMA Modified Modal Analysis 

CPF Continuation Power Flow 

MMA–CPF Modified Modal Analysis–Continuation Power Flow 

OF Objective Function 

∆𝑃 Active power variations 

∆𝑄 Reactive power variations 

∆� Voltage angle variations 

∆� Voltage magnitude variations 

J Jacobian Matrix  

𝐽𝑅
∗  Reduced Modified Jacobian Matrix 

ℜ∗ Right eigenvector matrix of 𝐽𝑅
∗  

υ∗ Left eigenvector matrix of 𝐽𝑅
∗  

φ∗ Diagonal eigenvalue matrix of 𝐽𝑅
∗  

𝜀𝑖
∗ ith eigenvalue of 𝐽𝑅

∗  

𝜁𝑖
∗ ith column right eigenvector of 𝐽𝑅

∗  

𝜚𝑖
∗ ith row left eigenvector of 𝐽𝑅

∗   

𝜛 Load parameter 

𝑃𝐺𝑖0 Base case active power generation at bus i 

𝑃𝐿𝑖0 Initial active power load at bus i 

𝑃𝑇𝑖 Injected active power at bus i 

𝑄𝐺𝑖0 Base case reactive power generation at bus i 

𝑄𝐿𝑖0 Initial reactive power load at bus i 

𝑄𝑇𝑖 Injected reactive power at bus i. 

𝑆Δ𝑏𝑎𝑠𝑒 A specified amount of complex power that is selected to offer suitable 𝜛 scaling 

𝑘𝐺𝑖 Constant assigned for the degree of generation variation at bus i as 𝜛 varies 

𝑘𝐿𝑖 Constant assigned for the degree of load variation at bus i as 𝜛 varies 

𝜃𝑖 Power angle changes at bus i 

𝛿̅ Vector of generator angle  

𝑉̅ Vector of the bus voltage magnitude vector 

𝑉𝑖∠𝛿𝑖 Complex voltages at bus i  

𝑉𝑗∠𝛿𝑗 Complex voltages at bus j 

𝑅𝑖𝑗 + 𝑗𝑋𝑖𝑗 = 𝑍𝑖𝑗  ijth component of 𝑍𝑏𝑢𝑠 impedance matrix 

𝑃𝑖 Active power generation at bus i 

𝑃𝑗 Active power generation at bus j 

𝑄𝑖 Reactive power injection at bus i  

𝑄𝑗 Reactive power injection at bus j  

𝑃𝐿𝑜𝑠𝑠 Active power losses at initial conditions without DER integration 

𝑃𝐿𝑜𝑠𝑠
𝐷𝐺  Active power losses after integration of DER 

𝑄𝐿𝑜𝑠𝑠 Reactive power losses at initial conditions without DER integration 

𝑄𝐿𝑜𝑠𝑠
𝐷𝐺  Reactive power losses after integration of DER 

∆𝑃𝐿𝑜𝑠𝑠  Reduction in active power losses 

∆𝑄𝐿𝑜𝑠𝑠 Reduction in reactive power losses 

%∆𝑃𝐿𝑜𝑠𝑠  Reduction percentage of active power losses 

%∆𝑄𝐿𝑜𝑠𝑠 Reduction percentage of reactive power losses 

𝑉𝑆𝐼 Voltage stability index, indicating voltage stability improvement after DER placement 

𝜀𝑚𝑖𝑛
𝐷𝐺  The smallest eigenvalue with DER unit(s)  



Energies 2023, 16, x FOR PEER REVIEW 17 of 18 
 

 

𝜀𝑚𝑖𝑛 The smallest eigenvalue without any DER unit 
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